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A gauge- and coordinate-invariant perturbation theory for self-gravitating non-Abelian gauge fields
is developed and used to analyze local uniqueness and linear stability properties of non-Abelian
equilibrium configurations. It is shown that all admissible stationary odd-parity excitations of the
static and spherically symmetric Einstein-Yang-Mills soliton and black hole solutions have total
angular momentum number ℓ = 1, and are characterized by non-vanishing asymptotic flux inte-
grals. Local uniqueness results with respect to non-Abelian perturbations are also established for
the Schwarzschild and the Reissner-Nordstro¨m solutions, which, in addition, are shown to be linearly
stable under dynamical Einstein-Yang-Mills perturbations. Finally, unstable modes with ℓ = 1 are
also excluded for the static and spherically symmetric non-Abelian solitons and black holes. (PACS
numbers: 04.25.Nx, 04.40.-b, 04.70.Bw)
I. INTRODUCTION
Self-gravitating non-Abelian gauge fields admit a rich
spectrum of equilibrium configurations, which is a conse-
quence of the balance between the gravitational attrac-
tion and the repulsive nature of the Yang-Mills interac-
tion. In particular, the static and spherically symmetric
non-Abelian soliton [1] and black hole solutions [2] owe
their existence to the nonlinearities of both general rela-
tivity and Yang-Mills theory.
On the other hand, the key to the black hole unique-
ness theorems [3] lies in the σ-model structure of the
Einstein(-Maxwell) equations in the presence of a Killing
field [4], [5]. As this property ceases to exist for self-
gravitating non-Abelian gauge fields [6], the classification
of all stationary Einstein-Yang-Mills (EYM) soliton and
black hole solutions is necessarily a very difficult task. In
particular, the set of global charges (asymptotic flux in-
tegrals) does no longer uniquely characterize all possible
non-Abelian equilibrium configurations.
Induced by the work of Bartnik and McKinnon (BK)
on non-Abelian solitons [1], various new self-gravitating
equilibrium configurations have been found during the
last decade. Besides the abovementioned static and
spherically symmetric black holes with Yang-Mills hair
(i.e., with vanishing Yang-Mills charges but different met-
ric structure than the Schwarzschild solution) [2], these
include soliton and black hole solutions in Skyrme, Higgs,
dilaton and other non-linear field theories coupled to
gravity (see [7] for a review and references).
Moreover, numerical [8] and analytical [9] studies have
revealed that non-Abelian static black holes are not nec-
essarily spherically symmetric – in fact, they need not
even be axisymmetric [10]. In addition, the non-linear
nature of the Yang-Mills interaction enables the exis-
tence of stationary, non-static black holes with vanishing
Komar angular momentum [11]. Also, the usual Lewis-
Papapetrou form of the metric does not necessarily de-
scribe all stationary and axisymmetric EYM black holes,
that is, the circularity theorem does not generalize to
space-times containing non-Abelian gauge fields [12].
The above comments suggest that it is not (yet) fea-
sible to completely classify the soliton and black hole
solutions of the stationary EYM equations. In this ar-
ticle we pursue, therefore, a more modest aim. That is,
we compute the complete spectrum of stationary EYM
perturbations of the BK solitons and the corresponding
black holes with hair. We do so by systematically devel-
oping the perturbation theory for self-gravitating non-
Abelian gauge fields. Following the tradition, we start
with the odd-parity sector, and defer the investigation of
even-parity perturbations to a forthcoming publication
[13].
The gauge- and coordinate-invariant equations derived
in this paper describe perturbations of arbitrary spheri-
cally symmetric EYM configurations, where the station-
ary and the dynamical sector can be treated separately
if the background is static. In order to classify the equi-
librium solutions close to the BK solitons and the corre-
sponding black holes, it is sufficient to consider stationary
excitations. As we shall see, these are naturally analyzed
in terms of invariant metric and Yang-Mills amplitudes.
The main results of this paper concern two local
uniqueness theorems, applying to the BK solitons and
the corresponding black holes with hair, respectively:
We prove that all stationary odd-parity excitations of
these static and spherically symmetric configurations are
parametrized in terms of infinitesimal asymptotic flux
integrals. More precisely, we show that the soliton and
black hole excitations found in [11] are the only station-
ary, asymptotically flat perturbations of the BK solitons
and the corresponding black holes with hair. In partic-
ular, there exist no admissible regular or black hole per-
turbations with total angular momentum number ℓ > 1,
while for ℓ = 1, the unique soliton and black hole excita-
tions are those with infinitesimal electric charge and/or
infinitesimal Komar angular momentum [11]. On the per-
turbative level, the situation is, therefore, similar to the
Abelian case, where the only admissible stationary exci-
tations of the Schwarzschild metric are the Kerr-Newman
modes. The above results also establish a local version
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of the circularity theorem in the odd-parity sector.
In addition to the classification of neighboring equi-
librium configurations, we also discuss some stability is-
sues, which require the analysis of dynamical perturba-
tions. Unfortunately, the gauge-invariant metric pertur-
bations used in this paper are, in general, not suited
to apply spectral analysis, since their evolution is not
governed by a standard pulsation operator. In a recent
work [14] we have demonstrated how to overcome this
problem by using curvature-based quantities. A rigorous
discussion of dynamical perturbations within the metric
approach is nevertheless possible for some distinguished
cases. These include ℓ = 1 EYM perturbations of ar-
bitrary background configuratiuons, and arbitrary EYM
perturbations of embedded Abelian configurations.
Hence, further results derived in this paper concern
the non-Abelian stability (and local uniqueness) of the
Schwarzschild and the Reissner-Nordstro¨m (RN) black
holes, as well as the stability properties of non-Abelian
configurations with respect to ℓ = 1 perturbations. In
particular, we show that both the Schwarzschild and the
RN metric are linearly stable with respect to dynamical
non-Abelian perturbations and admit no stationary exci-
tations other than the (embedded) Kerr-Newman modes.
In addition, we establish the absence of unstable modes
of the pulsation equations governing the ℓ = 1 pertur-
bations of the BK solitons and the corresponding black
holes with hair. In this context it is worthwhile recalling
that unstable Yang-Mills modes with odd-parity do exist
for ℓ = 0 [15].
The paper is organized as follows: In Section II
we briefly review the gauge-invariant approach to odd-
parity gravitational perturbations and give a coordinate-
invariant derivation of the Regge-Wheeler (RW) equa-
tion. In Section III we present the harmonic decompo-
sition of Yang-Mills fields, using a convenient method to
parametrize su(2)-valued one-forms in terms of isospin
harmonics. Taking advantage of some powerful tools de-
veloped in Appendix D, the linearized field equations
governing arbitrary odd-parity perturbations of spheri-
cally symmetric EYM configurations are derived in Sec-
tion IV.
As first applications, we establish the linear stability
and the local uniqueness properties of the Schwarzschild
and the RN solutions with respect to non-Abelian per-
turbations in Sections V and VI, respectively. The local
uniqueness theorems for the BK solitons and the corre-
sponding black holes are proven in Section VII. Eventu-
ally, in Section VIII, we establish the dynamical stability
of these solutions with respect to non-spherical pertur-
bations with ℓ = 1.
A variety of technical issues, such as the expressions
for the linearized Ricci tensor, the integral argument ex-
cluding admissible solutions of certain RW type equa-
tions, some asymptotic expansions, the introduction of
isospin harmonics, and the construction of gauge- and
coordinate-invariant Yang-Mills amplitudes are discussed
in Appendixes A-F.
II. GRAVITATIONAL PERTURBATIONS
In this section we briefly review the gauge-invariant ap-
proach to odd-parity gravitational perturbations [16]. As
an application we derive a coordinate-invariant version of
the RW equation [17]. We finally recall the arguments es-
tablishing the stability of the Schwarzschild metric with
respect to vacuum perturbations.
A. Background expressions
We are analyzing odd-parity perturbations of spher-
ically symmetric background configurations. A spheri-
cally symmetric spacetime (M, g) is a warped product of
M˜ ≡M/SO(3) and S2 with metric
g = g˜ +R2 gˆ . (1)
Here gˆ is the standard metric on S2, and g˜ and R denote
the metric tensor and a real-valued function, respectively,
defined on the two-dimensional pseudo-Riemannian orbit
space M˜ with coordinates xa, say. Here and in the follow-
ing lower-case Latin indices (a = 0, 1) refer to coordinates
on (M˜, g˜), while capital Latin indices (A = 2, 3) refer to
the coordinates ϑ and ϕ on (S2, gˆ). The dimensional
reduction of the Einstein tensor yields
Gab =
1
R2
(
2R∆˜R + 〈dR , dR〉 − 1
)
g˜ab − 2
R
∇˜a∇˜bR ,
GAB =
1
2
(
2R∆˜R−R2R˜
)
gˆAB , (2)
where the off-diagonal components vanish, GAb = 0. The
operators with a tilde and the inner product 〈 , 〉 refer to
the two-dimensional pseudo-Riemannian metric g˜, and R˜
denotes the Ricci scalar of g˜.
B. Coordinate-invariant amplitudes
Arbitrary perturbations of spherically symmetric back-
ground fields can be expanded in terms of spherical tensor
harmonics. For odd-parity perturbations the transverse
spherical vector harmonics, SA ≡ (∗ˆdY )A form a basis
of vector fields on S2, while the harmonics ∇ˆ{ASB} ≡
1
2 (∇ˆASB + ∇ˆBSA) are a basis of symmetric tensor fields
on S2; see Appendix D for details. (Here ∗ˆ denotes the
Hodge dual with respect to the metric gˆ, and the Y ℓm are
the scalar spherical harmonics, where the angular num-
bers ℓ and m are suppressed throughout, i.e., Y ≡ Y ℓm,
SA ≡ SℓmA .) The odd-parity perturbations of gµν are,
therefore, parametrized in terms of a scalar field κ and a
one-form h = hadx
a,
δgab = 0, δgAb = hbSA, δgAB = 2κ∇ˆ{ASB}, (3)
where κ and ha depend on the coordinates x
b only.
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A vector field X = Xµ∂µ generating an infinitesimal
coordinate transformation with odd parity is determined
by a function f(xb), where
Xa = 0, XA = f SA =
f
R2
gˆABSB. (4)
Under coordinate transformations induced by X the per-
turbations of a tensor field transform with the Lie deriva-
tive of the corresponding background quantity with re-
spect to X : δtµν → δtµν + LX tµν . Using LXgAb =
SAR
2∇˜b(R−2f) and LXgAB = 2f ∇ˆ{ASB}, the metric
perturbations transform according to
κ→ κ+ f, hb
R2
→ hb
R2
+ ∇˜b
(
f
R2
)
. (5)
In a similar way one obtains the transformation laws for
the perturbations of the Einstein tensor. Also using the
background properties GAb = 0 and 2G
A
B = G
D
Dδ
A
B one
finds
δGAb → δGAb +GBASB R2∇˜b
(
f
R2
)
, (6)
δGAB → δGAB +GDD∇ˆ{ASB}f . (7)
One may now use the transformation laws for κ and
hb to construct the following coordinate-invariant com-
ponents:
δGinvab ≡ δGab , δGinvAb ≡ δGAb − hbGBASB , (8)
and, for ℓ 6= 1,
δGinvAB ≡ δGAB − κGDD∇ˆ{ASB} . (9)
We recall that the scalar amplitude κ defined in Eq. (3)
is not present for ℓ = 1, since then ∇ˆ{ASB} vanishes.
However, by virtue of Eq. (7), this also implies that
δGAB is already coordinate-invariant. (In fact, δGAB
vanishes identically for ℓ = 1, as will be shown below.)
Hence, for ℓ = 1 one needs only the invariant components
defined in Eqs. (8), which do not involve the amplitude
κ.
As the δGinvµν are invariant under coordinate transfor-
mations generated by X , the expressions (8) and (9)
will only involve coordinate-invariant combinations of the
one-form h and the scalar κ. In fact, for ℓ 6= 1, δGinvµν
can be expressed in terms of the manifestly coordinate-
invariant one-form H , defined by
H ≡ h−R2d
( κ
R2
)
. (10)
This definition is again limited to ℓ 6= 1. For ℓ = 1, where
κ is absent, we will see that the remaining perturbation
h enters δGinvµν via the invariant two-form d(R
−2h) only.
C. Coordinate-invariant Einstein tensor
The computation of the coordinate-invariant compo-
nents δGinvµν is considerably simplified by the follow-
ing observation: In the gauge where the scalar ampli-
tude κ vanishes, henceforth called the off-diagonal gauge
(ODG), the perturbation h coincides with the coordinate-
invariant perturbation H defined in Eq. (10). (It is ob-
vious from Eq. (5) that the ODG always exists and fixes
the gauge function f uniquely.) Hence, for ℓ > 1, the cor-
rect invariant tensors are obtained by computing δGinvµν
in the ODG, and by substituting H for h in the resulting
expressions. For ℓ = 1 all perturbations are off-diagonal
anyway, and one obtains the correct expressions in terms
of the invariant quantity d(R−2h).
It is a straightforward task to compute δGµν in the
ODG. Using the formulas (A3), (A4) and (A5) derived
in Appendix A, Eqs. (8) and (9) yield the expressions
δGinvAb |ODG =
SA
R2
{
∇˜a
[
R4∇˜[b
(
ha]R
−2
)]
+
λ
2
hb
}
,
δGinvab |ODG = 0, δGinvAB |ODG= ∇ˆ{ASB} ∇˜bhb, (11)
where
λ ≡ (ℓ − 1)(ℓ + 2).
Here we have used the background property 2GAB =
GDDδ
A
B and the fact that δG
inv
AB = δGAB in the ODG.
Since hb coincides with the invariant amplitude Hb in
the ODG, we may replace hb by Hb in the above expres-
sions, which makes them manifestly coordinate-invariant
for ℓ > 1. For ℓ = 1 the second term in the expression for
δGinvAb vanishes, and hb appears only via the coordinate-
invariant expression ∇˜[b(ha]R−2). We therefore end up
with the manifestly coordinate-invariant expressions
δGinvab = 0, δG
inv
AB = −d†H ∇ˆ{ASB} (12)
and
δGinvAb dx
b =
SA
2R2
{
d†
[
R4d
(
R−2H
)]
+ λH
}
, (13)
which are valid for all values of ℓ, provided that H is
defined according to Eq. (10) for ℓ > 1, and according
to H ≡ h for ℓ = 1. Here d† ≡ ∗˜d∗˜ denotes the co-
differential operator for p-forms on (M˜, g˜), e.g., d†H =
−∇˜aHa, (d†dH)b = 2∇˜a∇˜[bHa].
The linearized Bianchi identity implies that the Ein-
stein equation for δGinvAB is a consequence of the equa-
tion for δGinvAb . In fact, the first equation is the inte-
grability condition for the second one, as is obvious for
vacuum perturbations: Applying the co-differential to
R2δGinvAb = 0 yields d
†H = 0, that is, δGinvAB = 0. (For
ℓ = 1 this integrability condition is void, in agreement
with the fact that δGinvAB vanishes identically.)
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D. Local uniqueness and linear stability of the
Schwarzschild metric
As an application we consider vacuum perturbations of
the Schwarzschild metric. The relevant equation for the
odd-parity sector was first derived by Regge and Wheeler
[17], and brought in a gauge-invariant form by Gerlach
and Sengupta [16]. A gauge-invariant approach which is
based on the Hamiltonian formalism was given by Mon-
crief [18].
The linear stability of the Schwarzschild metric follows
from the dynamical behavior of vacuum fluctuations. In
order to establish the local uniqueness property one also
has to exclude all stationary perturbations other than
the Kerr mode. While the stationary perturbations do
not need to be normalizable, they are, however, subject
to certain boundary conditions following from asymp-
totic flatness and regularity requirements. Both station-
ary and dynamical perturbations must be analyzed sep-
arately in the sectors ℓ > 1 and ℓ = 1.
The vacuum perturbations with odd parity are ob-
tained from Eq. (13), which yields
1
R2
d†
[
R4d
(
H
R2
)]
+ λ
H
R2
= 0. (14)
This equation holds for all values of ℓ and comprises
the complete information. The usual way to derive
the RW equation from Eq. (14) is to decompose the
one-from H with respect to Schwarzschild coordinates,
H = Htdt + Hrdr, and to use the integrability condi-
tion to eliminate Ht. This yields an equation for Hr
alone, which is then cast into a wave equation for the
function (1− 2M/r)Hr/r. This can also be achieved in a
coordinate-invariant way as follows: Using the integrabil-
ity condition d†H = 0 to introduce the scalar potential Φ
according to H = ∗˜d(RΦ), one may integrate Eq. (14).
This yields Eq. (15) below for the potential Φ instead of
Ψ.
Here we proceed in a different way, which is also
coordinate-invariant. The basic observation is that in
two dimensions the field strength two-form assigned to
a one-form is equivalent to a scalar field. We therefore
introduce the scalar field Ψ according to
Ψ ≡ R3∗˜d
(
H
R2
)
,
where the factor R3 turns out to be convenient. Apply-
ing the operator ∗˜d on Eq. (14) and using the above
definition yields the wave equation[
−∆˜ +R∆˜
(
1
R
)
+
λ
R2
]
Ψ = 0, (15)
where the two-dimensional Laplacian of a function is
∆˜Ψ ≡ −d†dΨ, and where we have used ∗˜dd† = d†d∗˜.
Equation (15) is the coordinate-invariant version of the
RW equation. In fact, it generalizes the RW equation,
since it is not restricted to perturbations of static back-
ground configurations. (The fact that the RW function
Ψ ≡ R3∗˜d(R−2H) and the scalar potential Φ, defined by
H = ∗˜d(RΦ), satisfy the same equation will be explained
at the end of Sect. VB.)
The positivity of the RW potential for ℓ 6= 1 follows
from the general expression (2) for Gab, which yields
the coordinate-independent vacuum background equa-
tion R∆˜R + 〈dR , dR〉 = 1. By virtue of this, Eq. (15)
assumes the form[
−N∆˜ + VRW
]
Ψ = 0,
with
VRW ≡ N
R2
[3(N − 1) + ℓ(ℓ+ 1)]
and N ≡ 〈dR , dR〉. Hence, VRW is positive for finite
values of R if dR is space-like and ℓ ≥ 2.
We may now use standard Schwarzschild coordinates
r and t, defined by
R(r, t) = r, g˜ = −NS2dt2 + 1
N
dr2, (16)
to cast the RW equation into its well-known form. For a
Schwarzschild background with mass M we have N(r) =
1− 2M/r, S(r) = 1, N∆˜ = −∂2t +N∂rN∂r, and thus[
∂2
∂t2
− ∂
2
∂r2⋆
+
N
r2
(
ℓ(ℓ+ 1)− 6M
r
)]
Ψ = 0, (17)
with dr⋆ ≡ N−1dr. For ℓ ≥ 2 the potential is non-
negative in the domain of outer communications, and
vanishes only asymptotically. Therefore, Eq. (17) ad-
mits no unstable dynamical modes. Furthermore, well-
behaved stationary modes with ℓ ≥ 2 can also be ex-
cluded in a rigorous manner by applying the argument
given in Appendix B.
It remains to discuss the perturbations with ℓ = 1, for
which Eq. (15) is immediately seen to admit the solution
1/R. Since λ = 0, we may also directly integrate Eq.
(14), which yields
d
(
H
R2
)
= a
6M
R4
∗˜1,
where 6aM is a constant of integration. At this point it
is important to recall that for ℓ = 1 the one-form H ≡ h
is not coordinate-invariant, but transforms according to
H → H + R2d(f/R2). This implies that the solution
of the homogeneous part of the above equation is a pure
gauge. Hence, with respect to Schwarzschild coordinates,
the only admissible solution of the perturbation equa-
tions (stationary and non-stationary) is H = 2a(M/r)dt.
Using Sℓ=1ϑ = 0 and S
ℓ=1
ϕ = − sin2ϑ, one finds with Eq.
(3)
4
δgtϕ = −a 2M
r
sin2ϑ ,
which describes the Kerr metric in first order of the ro-
tation parameter a. In conclusion, we have established
the well-known result that the only physically admissi-
ble odd-parity vacuum perturbation of the Schwarzschild
metric lies in the sector ℓ = 1 and describes the station-
ary Kerr mode.
III. PERTURBATIONS OF YANG-MILLS FIELDS
We are interested in perturbations of spherically sym-
metric EYM solitons and black holes which give rise to
odd-parity metric excitations. Before deriving the gauge-
and coordinate-invariant expressions for the stress-energy
tensor and the YM equations, we briefly recall some fea-
tures of the background configurations.
A. Einstein-Yand-Mills Background configurations
The spherically symmetric EYM background configu-
rations are assumed to be purely magnetic [19], but not
necessarily static. The metric is given by Eq. (1), while
the gauge potential is parametrized in terms of a scalar
field w(xb) on M˜ ,
A = (1− w)∗ˆdτr , (18)
where τr ≡ τ · er. Here the τk ≡ σk/(2i) are the su(2)
generators, er is the radial unit vector in IR
3, and the σk
are the constant Cartesian Pauli-matrices. The total ex-
terior derivative of the vector valued function er is θˆ
AeA
(with A = ϑ, ϕ), implying that
dτr = τϑdϑ+ τϕ sinϑdϕ.
(See Appendix D for details.) Since τr is an eigenfunction
of the spherical Laplacian d∗ˆdτr = −2τrdΩ, the back-
ground field strength, F = dA+A ∧ A, becomes
F = −dw ∧ ∗ˆdτr + (w2 − 1)τrdΩ . (19)
Using this expression, the components of the stress-
energy tensor, Tµν =
1
4πTr
{
FµαF
α
ν − 14gµνFαβFαβ
}
,
with respect to the background metric (1) become
Tab =
1
4πR2
[
2wawb − 1
2
g˜ab
(
2wcw
c +
(w2 − 1)2
R2
)]
,
TAB =
1
4πR2
gAB
(w2 − 1)2
2R2
, TAb = 0 , (20)
where wa ≡ ∇˜aw, and where Tr { } denotes the normal-
ized trace, Tr
{
τ2i
}
= 1.
The background YM equation, D∗F ≡ d∗F+[A, ∗F ] =
0, is obtained from the expression ∗F = −∗˜dw ∧ dτr +
R−2(w2− 1)τr∗˜1, using the fact that dτr commutes with
∗dτr, and [dτr, τr] = ∗dτr. One finds
∆˜w = w
w2 − 1
R2
, (21)
where d† = ∗˜d∗˜, and ∆˜w = −d†dw = ∇˜a∇˜aw. The
Einstein equations, Gµν = 8πGTµν , are obtained from
the formulas (2) and (20). Also using T µµ = 0, one finds
1
2 g˜abR˜ − 2R∇˜a∇˜bR =
G 2
R2
[
2wawb − 12 g˜ab
(
2wcw
c + (w
2−1)2
R2
)]
, (22)
1− 12∆˜(R2) = G (w
2−1)2
R2
. (23)
Equations (21) - (23) are the spherically symmetric EYM
equations in coordinate-invariant form. In the static case
we may evaluate these expressions for the metric (16),
which yields (a prime denoting the derivative with re-
spect to r)
1
S
(NSw′)
′
= w
w2 − 1
r2
(24)
for the YM equation (21), and, with N(r) ≡ 1−2m(r)/r,
m′ =
G
2
[
(w2 − 1)2
r2
+ 2N(w′)2
]
, (25)
S′
S
= 2G
(w′)2
r
(26)
for Eq. (23) and for the trace-free part of Eq. (22),
respectively. Two special Abelian solutions to Eqs. (24) -
(26) are the Schwarzschild metric,m(r) =M = constant,
S = 1, w = 1, and the RN metric with mass M and unit
magnetic charge, N = 1− 2M/r +G/r2, S = 1, w = 0.
Asymptotically flat non-Abelian solutions with finite
energy and nontrivial gauge fields are the solitons found
by Bartnik and McKinnon [1], and the corresponding
black holes with hair [2]. They are obtained by numeri-
cal methods and by analyzing the local solutions at the
singular points of Eqs. (24)-(26), that is, at the origin,
r = 0, the horizon, N(rH) = 0, and at infinity, r = ∞.
The local background solutions are given in Appendix
C, since their behavior will be crucial to the existence of
regular singular points of the perturbation equations.
B. Gauge- and coordinate-invariant Yang-Mills
perturbations
In Appendix D we construct a convenient basis of
su(2)-valued spherical harmonic one-forms. The odd-
parity perturbations of the YM potential are then given
in terms of two one-forms, α and β, and three scalar
fields, µ, ν and σ, over M˜ ,
δA(ℓ>1) = X1α+X2β + µτrdY + νY dτr + σ∇ˆX2, (27)
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where X1, X2, and X3 are a scalar basis of su(2)-valued
spherical harmonics,
X1 = Y τr, X2 = gˆ
ABτA∇ˆBY, X3 = ηˆABτA∇ˆBY,
while Y ≡ Y ℓm denote the ordinary spherical harmon-
ics. (The antisymmetric tensor ηˆAB is defined by ∗ˆθˆA =
ηˆAB θˆ
B.) As usual, the cases ℓ = 1 and ℓ = 0 must
be treated separately: For ℓ = 1, one has ∇ˆX(ℓ=1)2 =
−Y (ℓ=1)dτr, implying that ν and σ combine to a single
amplitude. Hence,
δA(ℓ=1) = X1α+X2β + µτrdY + νY dτr. (28)
In contrast to the gravitational sector, the odd-parity
YM sector is not empty for ℓ = 0. As Y (ℓ=0) is constant,
δA is parametrized in terms of the one-form α and the
function ν,
δA(ℓ=0) = τrα+ νdτr. (29)
One may now study the behavior of δA under gauge
transformations, δA → δA + Dχ, and under coordinate
transformations, δA → δA + LXA. Here D is the gauge
covariant derivative with respect to the background con-
nection (18), χ is an su(2)-valued scalar field with odd
parity, and LX is the Lie derivative with respect to the
infinitesimal vector field X defined in Eq. (4). Con-
sidering both gauge and coordinate transformations, the
following results are established in Appendix E:
For ℓ > 1 the metric perturbations are originally
parametrized in terms of the function κ and the one-form
h, while the YM amplitudes are given by two one-forms,
α and β, and three functions, µ, ν and σ. Using the
complete gauge and coordinate freedom, the entire set
of perturbations reduces to three one-forms, H , A and
B, and one function, C, all of which are invariant under
both coordinate and gauge transformations. Adopting
the ODG (κ = 0) and the YM gauge µ = σ = 0, the
quantities H , A, B, and C, coincide with the original
amplitudes h, α, β, and ν. [See Eqs. (E6) and (E12).]
Hence, all physically relevant perturbations with ℓ > 1
are given by
δg
(ℓ>1)
AB = δg
(ℓ>1)
ab = 0, δg
(ℓ>1)
Ab = HbSA,
δA(ℓ>1) = X1A+X2B + C Y dτr, (30)
with gauge- and coordinate-invariant amplitudes H , A,
B, and C. The ODG for the metric perturbations, to-
gether with the YM gauge µ = σ = 0 will be called the
off-diagonal standard gauge (ODSG) henceforth. In the
ODSG all gravitational and YM perturbations coincide
with the corresponding coordinate- and gauge-invariant
quantities .
For ℓ = 1 the metric perturbations are already off-
diagonal and there exists a gauge for which the YM
scalars µ and ν vanish, and the remaining amplitudes, α
and β, coincide with the two gauge-invariant one-forms
a and b, defined in Eq. (E4). The perturbations are
therefore given by
δg
(ℓ=1)
AB = δg
(ℓ=1)
ab = 0, δg
(ℓ=1)
Ab = hbSA,
δA(ℓ=1) = X1a+X2b, (31)
where a and b are gauge-invariant, but neither the metric
nor the YM perturbations are invariant under coordinate
transformations. The linearized EYM equations involve,
however, only the gauge- and coordinate-invariant com-
binations
a¯ ≡ a+ h
R2
, b¯ ≡ b + w h
R2
, (32)
and d(R−2h), as we shall see later.
For ℓ = 0 there exist no metric perturbations in the
odd-parity sector, and the YM perturbations are com-
prised within a single gauge-invariant one-form a, defined
in Eq. (E8),
δg(ℓ=0)µν = 0, δA
(ℓ=0) = τr a. (33)
IV. THE PERTURBATION EQUATIONS
In this section we give the equations governing the odd-
parity perturbations of a spherically symmetric soliton
or black hole EYM background configuration. The am-
plitudes are parametrized in terms of the gravitational
one-form H , the YM one-forms A, B, and the YM scalar
C. All amplitudes are gauge- and coordinate-invariant
and, as we are not introducing specific coordinates, the
resulting equations are not limited to static background
configurations. The derivations are considerably simpli-
fied by adopting the ODSG and by taking advantage of
the su(2) harmonics constructed in Appendix D. How-
ever, as the computations are still lengthy, we discuss
only the basic steps in sections IVA, IVB and IVC for
ℓ > 1, ℓ = 1 and ℓ = 0, respectively, and give a self-
contained compilation of the results in Sect. IVD.
A. Equations for ℓ > 1
For ℓ > 1 we may proceed in the ODSG for which
the metric and the YM perturbations coincide with the
gauge- and coordinate-invariant amplitudesH , A, B, and
C:
δg
(ℓ>1)
Ab = HbSA,
δA(ℓ>1) = X1A+X2B + C Y dτr. (34)
We start by computing the coordinate-invariant stress-
energy tensor. According to Eqs. (8) and (9) we have
δT invab = δT
ODG
ab , δT
inv
AB = δT
ODG
AB , (35)
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and
δT invAb = δT
ODG
Ab −Hb TBASB, (36)
since κ = 0 and Ha = ha in the ODG. The δTµν consist
of perturbations arising from variations with respect to
the metric and the YM fields, δTµν = δgTµν + δATµν ,
where
δgTµν = − 1
4π
Tr
{1
4
FαβF
αβδgµν
+
(
FαµF
β
ν −
1
2
gµνF
α
γF
βγ
)
δgαβ
}
and
δATµν =
1
4π
Tr
{
FανδFαµ + F
α
µδFαν −
1
2
gµνF
αβδFαβ
}
.
In the ODSG the linearized field strength, δF = DδA,
is obtained from the formula (34) for δA(ℓ>1). Recalling
that D is the gauge covariant derivative with respect to
the background potential (18), one finds, also using the
identities (D3),
δF (ℓ>1) = X1dA+X2dB −X3 C dΩ−B ∧ ∇ˆX2
+ (wB −A) ∧ τrdY + (dC − wA) ∧ Y dτr. (37)
Using this, as well as the expression (19) for the back-
ground field strength F and the formulas (34) for the
metric perturbations, we end up with
δT invab = 0, δT
inv
AB =
1
4π
〈B , dw〉 2∇ˆ{ASB}, (38)
and
δT invAb
=
SA
4πR2
[
(w2 − 1)(Ab − wBb) +R2(dB)bawa − Cwb
+ 〈H , dw〉wb −
(
〈dw , dw〉+ (w
2 − 1)2
R2
)
Hb
]
, (39)
where we recall that all amplitudes are gauge- and
coordinate-invariant. Here and in the following we use
the obvious notations wa ≡ g˜ab∇˜bw and 〈 , 〉 for the inner
product with respect to g˜, e.g., 〈H , dw〉 ≡ g˜abHa∇˜bw.
[There is no factor 1/2 in front of the last term in Eq.
(39), since, according to Eqs. (20) and (36), δT invAb and
δTAb differ by the term (8π)
−1R−4(w2 − 1)2HbSA in the
ODG.]
The Einstein equations, δGinvµν = 8πGδT
inv
µν , are now
obtained from the above expressions and the formulae
(12) and (13) for δGinvµν . We have already argued that
the (AB)-equation,
d†H = −4G 〈B , dw〉, (40)
is a consequence of the (Ab)-equations and the linearized
Bianchi identity. While this was obvious for vacuum per-
turbations, one now needs the YM equations given below
to verify this fact. Hence, the only independent Einstein
equation is the one for the coordinate-invariant metric
one-form H ,
d†
[
R4d
(
H
R2
)]
+ λH
= 4G(w2 − 1)
[
A− wB − w
2 − 1
R2
H
]
+ 4G
[∗˜(R2dB + dw ∧H)∗˜dw − Cdw] , (41)
where we also recall that λ ≡ (ℓ−1)(ℓ+2). Here we have
used the identities 〈H , dw〉dw − 〈dw , dw〉H = ∗˜(dw ∧
H)∗˜dw and (dB)abwbdxa = (∗˜dB)∗˜dw.
The linearized YM equations also involve perturba-
tions of both YM and metric fields. The latter arise from
the variation of the Hodge dual in δ(D∗F ) = 0, and yield
the terms on the RHS of the following general expression:
D ∗ δF + [δA, ∗F ] = 2D ∗ F − d
(
δ
√−g˜√−g˜
)
∧ ∗F,
where Fµν ≡ F σ[µ δgν]σ. Since the dual of this is an equa-
tion between one-forms, and since the odd-parity basis
of one-forms is five-dimensional for ℓ > 1, we obtain five
equations. Again, the computation is considerably sim-
plified in the ODSG for which we may use the gauge-
invariant perturbations given in Eqs. (34). As expected,
it turns out that two YM equations can be obtained from
the remaining ones. Using the tools developed in Ap-
pendix D, we eventually end up with the following set of
equations for the one-forms A, B and the scalar C:
d†
(
R2dA
)
+ [λ+ 2(w2 + 1)]A− 2[λ+ 2]wB
− 2wdC + 2Cdw = (λ + 2)w
2 − 1
R2
H, (42)
d†
(
R2dB
)− 2wA+ [λ+ (w2 + 1)]B + dC
= d†(H ∧ dw)− ww
2 − 1
R2
H, (43)
C = R2d†B − 〈dw , H〉. (44)
The remaining two YM equations are the integrability
conditions for Eqs. (42) and (43). Also using Eq. (44),
these become
d†
[
A+
1− w2
R2
H
]
= −2〈B , dw〉, (45)
and
∆˜C − [λ+ (w2 + 1)] C
R2
= 2〈A , dw〉 − wd†A+ [λ+ 2] 〈dw , H〉
R2
. (46)
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Since Eqs. (40), (45) and (46) are consequences of
the remaining equations, the complete system of pertur-
bation equations consists of the three coupled equations
(41), (42) and (43) for the three gauge- and coordinate-
invariant one-forms A, B and H , where C is given by Eq.
(44). It will also turn out to be convenient to write these
equations in terms of the one-forms A¯ and B¯, defined by
A¯ ≡ A+ H
R2
, B¯ ≡ B + w H
R2
, (47)
in terms of which Eqs. (41), (42) and (43) assume the
form
d†
(
R4FH
)
+ λH
= 4G
[
(R2∗˜FB)∗˜dw − Cdw + (w2 − 1)(A¯− wB¯)
]
, (48)
d†
(
R2FA
)
+ λ
(
A¯− 2wB¯ + w2 H
R2
)
= −2(w2 + 1)A¯+ 4wB¯ − 2Cdw + 2wdC, (49)
d†
(
R2FB
)
+ λ
(
B¯ − w H
R2
)
= 2wA¯− (w2 + 1)B¯ − dC, (50)
with
C = R2
[
d†B¯ − wd†
(
H
R2
)]
. (51)
Here we have introduced the two-forms FA, FB and FH ,
which are defined in terms of H , A¯ and B¯ as follows:
FA ≡ dA¯− FH , FB ≡ dB¯ − wFH ,
FH ≡ d
(
H
R2
)
, (52)
i.e., FA = dA, FB = dB + dw ∧R−2H . The three equa-
tions (48) -(50) for the invariant one-forms A¯, B¯ and H ,
with C according to Eq. (51), govern all physical odd-
parity perturbations with ℓ > 1. We shall now argue that
these equations hold for ℓ = 1 as well, provided that one
sets C = 0.
B. Equations for ℓ = 1
For ℓ = 1 the metric perturbations are off-diagonal and
described by the one-form h, while the YM potential is
parametrized in terms of two one-forms a and b,
δg
(ℓ=1)
Ab = hbSA, δA
(ℓ=1) = X1a+X2b. (53)
Although a and b are gauge-invariant, they are not in-
variant under coordinate transformations, and neither
is h. As the linearized YM and Einstein equations are
coordinate-invariant, these will only involve the gauge-
and coordinate-invariant one forms a¯ and b¯ defined in
Eq. (32).
The perturbation equations for ℓ = 1 are obtained from
the equations for ℓ > 1 as follows: The linearized field
strength two-form, δF = DδA, for the background po-
tential (18) and the perturbation (53) becomes
δF (ℓ=1) = X1da+X2db
+ (wb − a) ∧ τrdY + (b − wa) ∧ Y dτr . (54)
Formally, this is also obtained from the expression (37)
for δF (ℓ>1) by substituting a for A, b for B and by setting
C = 0, where one also has to use ∇ˆX(ℓ=1)2 = −Y (ℓ=1)dτr;
see Appendix D for details. Hence, the invariant stress
energy tensor for ℓ = 1 is obtained from the expressions
(38) and (39) for ℓ > 1 by applying these substitutions
and by replacing h for H . This yields
δT invab = 0, δT
inv
AB = 0
and
δT invAb dx
b =
SA
4πR2
[
(w2 − 1)(a− wb) +R2(∗˜db)∗˜dw]
+
SA
4πR2
[
∗˜(dw ∧ h)∗˜dw − (w
2 − 1)2
R2
h
]
SA.
The coordinate-invariance of the last expression becomes
manifest by writing it in terms of the one forms a¯ and b¯
given in Eq. (32). One finds
δT invAb dx
b =
SA
4πR2
(w2 − 1)(a¯− wb¯)
+
SA
4π
∗˜
[
db¯− wd
(
h
R2
)]
∗˜dw, (55)
where the metric perturbation enters only via the invari-
ant two-form d(R−2h).
It is now obvious that the complete set of linearized
EYM equations in terms of the gauge and coordinate-
invariant amplitudes a¯ and b¯ is obtained from Eqs. (48)-
(50), by substituting A¯ → a¯, B¯ → b¯ and C → 0. As we
also have to substitute H → h, the LHS of Eqs. (48)-
(50) would, at a first glance, involve the non-coordinate-
invariant amplitude h. However, since λ = 0 for ℓ = 1,
the terms involving h itself vanish identically. We also
point out that the algebraic equation (51) for C is not
present for ℓ = 1, because the basis of one-forms is re-
duced by one dimension. The complete set of pertur-
bation equations in the sector ℓ = 1 thus assumes the
surprisingly simple form
d†
(
R4Fh
)−4G [(R2∗˜Fb)∗˜dw + (w2 − 1)(a¯− wb¯)] = 0,
d†
(
R2Fa
)
+2(w2 + 1)a¯− 4wb¯ = 0,
d†
(
R2Fb
)−2wa¯+ (w2 + 1)b¯ = 0, (56)
where a¯ and b¯ are the gauge- and coordinate-invariant
one-forms given in Eq. (32), in terms of which the two-
forms Fh, Fa and Fb are defined by
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Fh ≡ d
(
h
R2
)
, Fa ≡ da¯− Fh, Fb ≡ db¯− wFh.
C. Equations for ℓ = 0
For ℓ = 0 there exist no metric perturbations with
odd parity, and δA can be expressed in terms of a single
gauge-invariant one-form
δg(ℓ=0)µν = 0, δA
(ℓ=0) = τr a.
The field strength is obtained by setting Y = 1, B = 0,
C = 0 in the expression (37) for δF (ℓ>1), and by substi-
tuting a for A,
δF (ℓ=0) = τrda− wa ∧ dτr.
The correct perturbation equation is now obtained from
Eq. (49) by setting B¯ = C = H = 0, where λ = −2 for
ℓ = 0. Also substituting a for A¯, Eqs. (49) and (52) yield
d†
(
R2Fa
)
+ 2w2a = 0, with Fa ≡ da. (57)
D. Summary
All odd-parity perturbations of spherically symmetric,
not necessarily static EYM configurations are governed
by the three equations
d†
(
R4FH
)
+ λH
= 4G
[
(R2∗˜FB)∗˜dw − Cdw + (w2 − 1)(A¯− wB¯)
]
, (58)
d†
(
R2FA
)
+ λ
(
A¯− 2wB¯ + w2 H
R2
)
= −2(w2 + 1)A¯+ 4wB¯ − 2Cdw + 2wdC, (59)
d†
(
R2FB
)
+ λ
(
B¯ − w H
R2
)
= 2wA¯− (w2 + 1)B¯ − dC, (60)
for the three gauge- and coordinate-invariant one-forms
A¯, B¯, and H , where λ ≡ (ℓ− 1)(ℓ+ 2),
C ≡ (1− δℓ0 − δℓ1)R2
[
d†B¯ − wd†
(
H
R2
)]
, (61)
and
FH ≡ d
(
H
R2
)
, FA ≡ dA¯− FH , FB ≡ dB¯ − wFH .
The above equations are valid for all values of ℓ, where
only Eq. (59) with H = B¯ = 0 is present for ℓ = 0.
However, the expressions for the gauge- and coordinate-
invariant amplitudes in terms of the original metric and
YM perturbations are different for ℓ > 1, ℓ = 1 and ℓ = 0,
respectively; see Appendix E.
ℓ > 1: The original metric perturbations are described
by a one-form h and a function κ, while the YM pertur-
bations are given in terms of two one-forms, α and β,
and three functions, µ, ν and σ:
δgab = 0, δgAbdx
b = hSA, δgAB = 2κ∇ˆ{ASB},
δA = X1α+X2β + µτrdY + νY dτr + σ∇ˆX2.
In terms of these amplitudes the invariant quantities ap-
pearing in Eqs. (58)-(60) are, according to Appendix E,
A¯ ≡ α+ h
R2
− d
(
µ+ wσ + w2
κ
R2
)
,
B¯ ≡ β + w h
R2
− d
(
σ + w
κ
R2
)
,
H ≡ h−R2d
( κ
R2
)
. (62)
ℓ = 1: The original metric perturbations are described
by the one-form h, while the YM perturbations are given
in terms of two one-forms, α and β, and two functions,
µ and ν:
δgab = 0, δgAbdx
b = hSA, δgAB = 0,
δA = X1α+X2β + µτrdY + νY dτr. (63)
The invariant quantities now are
A¯ ≡ α+ h
R2
− d
(
µ− wν
1− w2
)
,
B¯ ≡ β + w h
R2
− d
(
wµ − ν
1− w2
)
,
H ≡ h. (64)
ℓ = 0: There exist no metric perturbations, and the
YM perturbations are given in terms of a one-form, α,
and a function, ν:
δA = τrα+ ν dτr.
In terms of α and ν the invariant quantity A¯ is given by
A¯ ≡ α− d
( ν
w
)
, (65)
and, as mentioned above, the correct perturbation equa-
tion is Eq. (59) with λ = −2, C = 0, B¯ = 0 and H = 0.
V. NON-ABELIAN STABILITY AND LOCAL
UNIQUENESS OF THE
REISSNER-NORDSTRO¨M SOLUTION
For w ≡ 0 the static, spherically symmetric EYM equa-
tions (24)-(26) admit the RN solution with unit magnetic
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charge. The stability and local uniqueness properties of
the RN metric with respect to non-Abelian perturbations
are, therefore, obtained from Eqs. (58)-(60), which de-
couple into two sets for w ≡ 0: The first set, involving
the one-forms H and A¯ only, is obtained from Eqs. (58)
and (59),
d†
[
R4d
(
H
R2
)]
+ λH = −4GA¯,
d†
[
R2d
(
A¯− H
R2
)]
+ (λ + 2)A¯ = 0 for ℓ ≥ 1. (66)
Since w ≡ 0, the remaining equation for B¯ does not con-
tain the amplitudes H and A¯. Using C = R2d†B¯ for
ℓ > 1 and C = 0 for ℓ = 1, we have
d†
(
R2dB¯
)
+ d
(
R2d†B¯
)
+ (λ+1)B¯ = 0 for ℓ > 1, (67)
d†
(
R2dB¯
)
+ B¯ = 0 for ℓ = 1. (68)
Since A¯ is the gauge- and coordinate-invariant version
of the amplitude in front of the isospin harmonics τrY
ℓ,
Eqs. (66) govern the Abelian part of the perturbations,
that is, Einstein-Maxwell perturbations of the RNmetric.
In contrast to this, Eqs. (67) and (68) for B¯ are not
present in the Abelian case, and describe non-Abelian
perturbations of the RN metric with ℓ > 1 and ℓ = 1,
respectively.
A. Perturbations with ℓ > 1
We start with Eqs. (66) describing the Abelian part of
the perturbations. For ℓ > 1 the integrability conditions
for these equations are d†A¯ = 0 and d†H = 0, implying
the existence of two scalar fields, ΨH and ΨA, defined by
∗˜d (RΨH) ≡
√
λH, ∗˜dΨA ≡
√
4GA¯.
Substituting ΨH and ΨA for H and A¯ in Eqs. (66), and
integrating both equations yields the following coupled
wave equations for the scalar fields ΨH and ΨA:
∆˜ΨH =
[
Rd†
(
dR
R2
)
+
λ
R2
]
ΨH +
√
4Gλ
R3
ΨA,
∆˜ΨA =
√
4Gλ
R3
ΨH +
[
λ+ 2
R2
+
4G
R4
]
ΨA.
For w = 0 the background equation (23) becomes
R3d†(dR/R2) = 3〈dR , dR〉 − 1 +G/R2. Using this and
introducing standard Schwarzschild coordinates, R = r,
〈dR , dR〉 = N = 1− 2M/r +G/r2, yields[
−∆˜ + 1
r2
(
λ+ 2− 3M
r
+
4G
r2
)](
ΨH
ΨA
)
+
1
r3
( −3M √4Gλ√
4Gλ 3M
)(
ΨH
ΨA
)
= 0. (69)
The above equation was first obtained by Moncrief by
different means [18]. Since the off-diagonal part of the
potential is symmetric and constant, Eq. (69) can be
decoupled. Using the non-negativity of N(r), as well as
the regularity condition M ≥ G, the eigenvalues of the
potential are found to be positive, implying the absence
of unstable modes. Taking advantage of the argument
presented in Appendix B, stationary modes are excluded
as well. (The eigenvalues of the potential are positive for
finite r and behave like ℓ(ℓ− 1)r−2 +O(r−3) for r →∞,
implying that the asymptotically finite solutions behave
like r−ℓ.) Hence, there exist neither unstable modes nor
admissible stationary solutions to Eqs. (66) for ℓ > 1.
In order to discuss the non-Abelian part of the pertur-
bations we introduce the scalar fields Π1 ≡ R2∗˜dB¯ and
Π2 ≡ R2d†B¯. In terms of these, Eq. (67) assumes the
form
∗˜dΠ1 + dΠ2 + (λ+ 1)B¯ = 0, (70)
which can also be viewed as the Hodge decomposition of
the one-form B¯ (see the comments below). Applying the
operators ∗˜d and d† ≡ ∗˜d∗˜ to this, it is immediately seen
that Π1 and Π2 are subject to the same equation, namely
− ∆˜Πi + λ+ 1
R2
Πi, i = 1, 2, (71)
where we recall that λ = (ℓ−1)(ℓ+2). With respect to the
static RN background, R(r, t) = r, g˜ = N(−dt2 + dr2⋆),
with N(r) = 1− 2M/r+G/r2 and dr⋆ = dr/N , one has[
∂2
∂t2
− ∂
2
∂r2⋆
+N(r)
ℓ(ℓ + 1)− 1
r2
]
Πi = 0. (72)
Since the operator is positive, unstable modes are absent.
Furthermore, well-behaved stationary solutions are ex-
cluded as well, since the potential is of the type required
to apply the argument given in Appendix B. [Also note
that the one-form B¯ is obtained directly from Π1 and Π2
by Eq. (70).]
As we shall continue to use the above method, it is
worthwhile noticing the following: In two dimensions an
arbitrary one-form θ, say, gives rise to two scalar fields,
g1 ≡ d†θ and g2 ≡ ∗˜dθ. On the other hand, the Hodge
decomposition of a one-form in two dimensions involves
two different scalar fields, θ ≡ df1 + ∗˜df2 (provided that
the harmonic part vanishes). If θ is subject to a linear
wave equation, then the latter gives rise to an algebraic
relation between the two different parameterizations, al-
though the two scalar pairs are defined on different dif-
ferential levels. (This is also the reason why, in Sect.
II D, we have obtained the same RW equation (15) for Ψ
and Φ, defined by Ψ = R3∗˜d(H/R2) and H = ∗˜d(RΦ),
respectively.)
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B. Perturbations with ℓ = 1
Defining Π1 ≡ ∗˜R2dB¯ as for ℓ > 1, Eq. (68) for B¯
reduces to ∗˜dΠ1 + B¯ = 0. Applying the operator ∗˜d
yields the same equation for Π1 as before, that is, Eq.
(71), where now ℓ = 1. As the potential remains positive
for ℓ = 1, we conclude that Eq. (68) admits neither
unstable modes nor admissible stationary perturbations,
which establishes the stability and the local uniqueness
of the RN metric with respect to non-Abelian odd-parity
perturbations.
It remains to consider Eqs. (66) for ℓ = 1, i.e., for
λ = 0. As these equations are also present in the Abelian
case, we will recover the absence of unstable modes, while
the only stationary perturbations are those describing
the Kerr-Newman excitations of the RN solution. This is
seen as follows: For λ = 0 the only integrability condition
for Eqs. (66) is d†A¯ = 0. Using this to define the scalar
field Ψ according to
∗˜dΨ ≡ A¯, (73)
Eqs. (66) can be integrated, which yields
R4∗˜d
(
H
R2
)
+ 4GΨ = 6Ma, (74)
R2
[
∆˜Ψ + ∗˜d
(
H
R2
)]
− 2Ψ = 0, (75)
where 6Ma is a constant of integration, and where we
have used the fact that Ψ is defined up to a constant
in order to neglect the second constant of integration.
Eliminating the gravitational perturbation H from the
above equations yields the following inhomogeneous wave
equation for Ψ:[
−∆˜ + 2
R2
+
4G
R4
]
Ψ =
6Ma
R4
. (76)
As the operator on the LHS is positive, we conclude
again that there are no unstable modes. Using standard
Schwarzschild coordinates, R = r, N = 1−2M/r+G/r2,
we have ∆˜ = −N−1∂2t + ∂rN∂r, and the inhomogeneous
problem admits the particular solution Ψ = a/r. By
virtue of Eq. (74) and definition (73) this yields, up to a
gauge,
H = a(N − 1)dt, A¯ = aN
r2
dt. (77)
Recalling that for ℓ = 1 one has δgaϑ=0, δgaϕ =
−Ha sin2ϑ and δA = (A¯ −H/r2)X1 + (B¯ − wH/r2)X2,
we find with w = 0 and B¯ = 0
δgtϕ = a
(
2M
r
− G
r2
)
sin2ϑ,
δA =
a
r2
τr cosϑdt,
which is the Kerr-Newman excitation of the magneti-
cally charged RN metric. In order to see this, we com-
pute the electric field, δE = −δF (∂t, ·) = −DδA(∂t, ·) =
aτrd(cosϑ/r
2), where we have used Dτr = 0 and w = 0.
Hence
δE = −τra
(
sinϑ
r2
dϑ+
2 cosϑ
r3
dr
)
.
Since the magnetic field of the background solution is
B = −τr(∗dΩ)(∂t, ·) = −τr(1/r2)dr [see Eq. (19) for
w = 0], we obtain indeed the magnetically charged Kerr-
Newman solution in first order of the rotation parameter
a.
C. Perturbations with ℓ = 0
Since the odd-parity gravitational sector is empty for
ℓ = 0, the perturbations of the RN solution are governed
by Eq. (59) with H = B¯ = 0, w = 0 and λ = −2,
d∗˜ (R2dA¯) = 0.
With respect to Schwarzschild coordinates the solution
is A¯ = (q/r)dt, where q is a constant of integration. The
perturbation of the gauge potential now becomes δA =
τr(q/r)dt, which gives rise to a radial electric field,
δE = −τr q
r2
dr.
Hence, we obtain the embedded magnetic RN solution
with infinitesimal electric charge q. (Note that the metric
remains unchanged in first order of q.)
In conclusion, we have shown that the RN solution
is stable with respect to both Abelian and non-Abelian
odd-parity perturbations for all values of ℓ. Also, the only
physically admissible stationary modes are the Abelian
ones, describing electric Kerr-Newman (ℓ = 1) and RN
(ℓ = 0) excitations of the magnetic RN metric.
VI. NON-ABELIAN STABILITY AND LOCAL
UNIQUENESS OF THE SCHWARZSCHILD
SOLUTION
The Schwarzschild metric solves the spherically sym-
metric EYM background equations with w = 1. As the
stress-energy tensor is quadratic in the field strength, the
gravitational perturbations decouple in first order for all
values of ℓ, and are governed by the RW equation for
vacuum perturbations. The remaining equations, de-
scribing Abelian and non-Abelian perturbations of the
Schwarzschild metric, admit no unstable modes, and, for
ℓ > 1, no acceptable stationary excitations either. For
ℓ = 1 the only stationary YM perturbation is the RN
mode in the Abelian sector.
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A. Perturbations with ℓ > 1
The gauge- and coordinate-invariant one-forms A¯, B¯
and H given in Eqs. (62) for ℓ > 1 are well-defined for
w = 1. The perturbations are, therefore, governed by
Eqs. (58)-(60), where Eq. (58) decouples for w = 1
and reduces to the usual equation describing the vacuum
perturbations of the Schwarzschild metric,
d†
[
R4d
(
H
R2
)]
+ λH = 0. (78)
In Sect. II D we have already recalled that this equa-
tion admits neither unstable nor well-behaved stationary
solutions for ℓ > 1.
In order to discuss the non-vacuum perturbations of
the Schwarzschild metric, it is more convenient to re-
sort to the original one-forms A = A¯ − H/R2 and
B = B¯ − wH/R2, used in Sect. IV to derive the per-
turbation equations. In terms of A and B, Eqs. (59) and
(60) become for w = 1
d†
(
R2dA
)− 2d(R2d†B) + (λ+ 4)A− 2(λ+ 2)B = 0,
d†
(
R2dB
)
+ d
(
R2d†B
)
− 2A+ (λ+ 2)B = 0. (79)
The above system is equivalent to four coupled equations
for four scalar fields. In order to decouple these equations
completely, we note the following: The terms with B and
d†B can be eliminated, which shows that the integrabil-
ity condition is d†A = 0. Using this, and applying the
co-differential operator on either of the above equations,
yields a wave equation for the scalar field d†B alone,(
−∆˜ + λ+ 2
R2
)
ΠB = 0, ΠB ≡ R2d†B. (80)
Since the integrability condition implies that the scalar
ΠA ≡ R2d†A vanishes, it remains to find the equations
for the field strengths dA and dB, or, equivalently, for
the scalar fields ΨA and ΨB, defined by
ΨA ≡ ∗˜R2dA, ΨB ≡
√
λ+ 2 ∗˜R2dB.
Applying the operator ∗˜d on Eqs. (79) then yields the
system[
−∆˜ + 1
R2
(
λ+ 4 −2√λ+ 2
−2√λ+ 2 λ+ 2
)](
ΨA
ΨB
)
= 0,
(81)
which can be diagonalized, since the potential is symmet-
ric and constant. The eigenvalues are
λ+ 3±
√
4λ+ 9 =
{
(ℓ + 1)(ℓ+ 2)
ℓ(ℓ− 1) .
Having solved Eqs. (80) and (81), the expressions for
the one-forms A and B in terms of the scalar fields are
obtained from the original equations (79):
A = − 1
λ
∗˜d
(
ΨA +
2√
λ+ 2
ΨB
)
,
B = − 1
λ(λ+ 2)
[
∗˜d
(
2ΨA +
λ+ 4√
λ+ 2
ΨB
)
+ λdΠB
]
.
Since the operators in Eqs. (80) and (81) are positive,
we conclude, using the argument given in Appendix B,
that the Schwarzschild solution admits neither unstable
nor stationary non-Abelian odd-parity modes with ℓ > 1.
B. Perturbations with ℓ = 1
For w = 1 Eq. (58) decouples for all values of ℓ. The
vacuum perturbations of the Schwarzschild metric with
ℓ = 1 are, therefore, governed by Eq. (78) with λ = 0.
We have already recalled in Sect. II D that this equation
cannot give rise to unstable modes, while it admits the
well-behaved stationary solution H = (2aM/r)dt, giving
rise to the Kerr excitation of the Schwarzschild metric,
δgtϕ = −a2M
r
sin2ϑ. (82)
In order to analyze the YM sector, we first note that
the gauge invariant quantities introduced in Eqs. (E4)
for ℓ = 1 are not well-defined if w = 1. Hence, the ℓ = 1
perturbations of the Schwarzschild background require a
special treatment: For w = 1 and ℓ = 1 we define a, b
and c in the same way as for ℓ > 1, that is, by Eqs. (E6).
Hence, a = α − dµ, b = β and c = ν − µ, where the
one-forms α, β and the scalars µ, ν parametrize δA(ℓ=1)
according to Eq. (28). Since the gauge fields vanish
on the background, all YM amplitudes are coordinate-
invariant, and it remains to consider their behavior under
gauge transformations. By virtue of Eqs. (E1) and (E2)
c remains invariant, whereas a and b transform according
to→ a+df2, b→ b+df2. Repeating the arguments given
in Sect. IVB, the perturbation equations for w = 1 and
ℓ = 1 eventually become
d†
(
R2da
)− 2dc+ 4(a− b) = 0,
d†
(
R2db
)
+ dc− 2(a− b) = 0,
R2d† (a− b) + c = 0,
where c, da, db and (a − b) are gauge-invariant. Sub-
tracting the first from the second equation, and using
the third one to eliminate c, we obtain an equation for
the one-form (b− a). This is decoupled in the usual way,
that is, by introducing two scalar fields according to
c1 ≡ R2d†(b − a), c2 ≡ R2∗˜d(b− a).
Applying the operators d† and ∗˜d on the equation for
(b− a) yields the following wave equations for c1 and c2:(
−∆˜ + 2
R2
)
c1 = 0,
(
−∆˜ + 6
R2
)
c2 = 0. (83)
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Since the operators are positive, we may use the stan-
dard argument to conclude that Eqs. (83) admit nei-
ther unstable nor well-behaved stationary modes. Hence,
c1 = c2 = 0, implying that a = b and c = 0. It
therefore remains to solve d(R2∗˜da) = 0 for the gauge-
invariant scalar field ∗˜da. With respect to Schwarzschild
coordinates, the result is a = b = (q/r)dt plus gauge
terms, where q is a constant of integration. Now using
α = a + dµ, β = b and ν = c + µ in Eq. (28) gives
δA(ℓ=1) = aX1 + bX2 + cY dτr + d(µX1), and thus, with
c = 0, a = b = (q/r)dt and X1 +X2 = τz ,
δA = τz
q
r
dt
plus a pure gauge term. Using δF = DδA = dδA for
w = 1, this gives rise to the electric field
δE = −τz q
r2
dr. (84)
The solutions (82) and (84) describe the Kerr-Newman
excitation of the Schwarzschild metric in first order of the
rotation parameter a and the electric charge q.
C. Perturbations with ℓ = 0
The relevant perturbation equation is Eq. (59) with
B¯ = H = 0, w = 1 and λ = −2. The amplitude A =
A¯ is gauge-invariant and, by virtue of Eq. (65), well-
defined. Equation (59) becomes d†(R2dA) + 2A = 0.
Using the integrability condition d†A = 0, the scalar field
Ψ is defined according to Ψ ≡ R2∗˜dA, in terms of which
Eq. (59) becomes(
−∆˜ + 2
R2
)
Ψ = 0, (85)
which admits neither unstable nor acceptable stationary
solutions. (Note that the RN excitations with ℓ = 0 of
the Schwarzschild metric lie in the even parity sector.)
VII. STATIONARY PERTURBATIONS OF
NON-ABELIAN SOLITONS AND BLACK HOLES
Having analyzed the complete set of non-Abelian odd-
parity perturbations (stationary and dynamical) of the
Schwarzschild and the RN solutions, we now turn to the
general case, that is, to non-Abelian perturbations of
static non-Abelian background configurations. The dis-
cussion of the corresponding perturbation equations is
a considerably more involved task, since the techniques
used above cannot be applied if w is not constant. Our
primary goal in this section is to classify all stationary
odd-parity perturbations of both the BK solitons [1] and
the static, spherically symmetric EYM black holes [2].
In the stationary case, the excitations of a spherically
symmetric EYM background decouple into two Sturm-
Liouville problems, governing the electric and the mag-
netic perturbations, respectively. The particular case
ℓ = 1 was analyzed in Refs. [20] and [11] by different
means. There we have shown that the electric sector gives
rise to a two parameter family of slowly rotating and / or
electrically charged black hole excitations, and to a one-
parameter family of slowly rotating, electrically charged
solitons. In this section we generalize these results as fol-
lows: We show that for all values of ℓ ≥ 1 the electric
perturbations are governed by a three-channel Sturm-
Liouville problem, while the magnetic sector is described
by a single Sturm-Liouville equation for ℓ > 1 and is triv-
ial for ℓ = 1. A careful analysis then reveals that neither
the electric nor the magnetic sector admit well-defined
stationary soliton or black hole excitations if ℓ > 1. This
establishes the result that the only stationary odd-parity
modes of the BK solitons and EYM black holes are the
ones found in Ref. [11] for ℓ = 1.
It turns out to be convenient to parametrize the two-
dimensional background metric g˜ in terms of the radial
coordinate ρ, defined such that g˜ becomes conformally
flat,
g˜ = −NS2dt2 + 1
N
dr2 = σ
(−dt2 + dρ2) , (86)
with σ(ρ) ≡ N(r)S2(r) and dr ≡ NSdρ. [The coordinate
ρ generalizes the coordinate r⋆ used in the Schwarzschild
or the RN case. We also note that ∗˜dt = −∗˜dρ and
σ∗˜(dt∧ dρ) = −1.] The invariant one-forms A, B and H
are expanded with respect to t and ρ, e.g.,
H ≡ H0dt+H1dρ. (87)
Since we restrict ourselves to stationary perturbations
the coefficients H0, H1, etc. are functions of ρ only. As
we shall argue below, the equations involving the zero-
components, henceforth called electric perturbations, de-
couple from the equations for the one-components, hence-
forth called magnetic perturbations.
A. The electric sector
The electric perturbation equations involve the ampli-
tudes H0, A0 and B0 only. [For l = 1, we may take
H0 = h0, A0 = a0 and B0 = b0, since, by virtue of Eqs.
(5), (E4) and (E11), these amplitudes are invariant under
stationary coordinate transformations.] Using the fact
that [d†(R2dA)]0 = −∂ρ(σ−1R2∂ρA0) for stationary per-
turbations of a static background, the zero-components
of Eqs. (41), (42) and (43) may be cast into the following
three-channel Sturm-Liouville equation:(
−∂r2∂ +K∂ − ∂KT +L+ P
)
v = 0, (88)
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where v ≡
(
H0/
√
4Gr,A0/ζ,B0
)
, ζ ≡ √λ+ 2, and
where the differential operator ∂ is defined by
∂ ≡ 1
σ
d
dρ
=
1
S
d
dr
,
with r and ρ according to Eq. (86). The 3 × 3 matrices
K, L and P are given in terms of the background fields
w, N and σ = S2N . The only non-vanishing matrix
element of K is K13 =
√
4Gr ∂w, while the symmetric
matrices L and P are
L =
1
σ

 2N + λ sym. sym.0 λ+ 2(1 + w2) sym.
0 −2ζw λ+ (1 + w2)

 , (89)
and
P =
1
σ

 4G
(w2−1)2
r2
+ 2Gσ(∂w)2 sym. sym.√
4Gζ 1−w
2
r
0 sym.√
4Gww
2−1
r
0 0

 . (90)
The formally self-adjoint equation (88) holds for all val-
ues of ℓ ≥ 1. [In particular, for ℓ = 1 it is equivalent to
the Sturm-Liouville equation derived in [20], which was
shown to admit the stationary modes mentioned above
[11]. However, the transformation between the two ℓ = 1
sets of equations is not algebraic, because the original
formulation given in [20] was based on the generalized
twist potential.]
Since Eq. (88) has regular singular points at the origin,
r = 0, at the horizon, r = rH (where N(rH) = 0), and
at infinity, r = ∞, it is possible to compute the number
of stationary modes. Applying the standard theory (see,
e.g., [21]) we will now discuss the local solution spaces.
1. The solution space at the origin
The leading order behavior of the solutions to Eq. (88)
in the vicinity of the origin is determined by the cen-
trifugal barrier L, as can be seen from the expansions
(C1) of the background quantities. The solutions behave
like rα, where α = −(ℓ + 2), −(ℓ + 1), −ℓ, ℓ − 1, ℓ or
ℓ + 1. Hence, the space of regular solutions at r = 0 is
three-dimensional for all values of ℓ ≥ 1. The expansion
becomes
v(r) = d1r
ℓ−1
[
e−+
ℓ−1
2ℓ+ 1
(2(ℓ+2)b+ 1) br2e−+O(r3)
]
+ d2r
ℓ
[
e0 +
2b
2ℓ+1
re−+O(r2)
]
+ d3r
ℓ+1
[
e+ +O(r)
]
(91)
where e0 = (1, 0, 0), e+ = (0, ζ,−l) and e− = (0, ζ, l +
1), and d1, d2 and d3 are constants, and where b is the
fixed constant appearing in the expansions (C1) of the
background solutions.
2. The solution space at infinity
The asymptotic expansions (C2) of the background
quantities show that the leading order behavior of the so-
lutions to Eq. (88) is again completely determined by L:
The solutions behave like rα, where again α = −(ℓ+ 2),
−(ℓ + 1), −ℓ, ℓ − 1, ℓ or ℓ + 1. The space of asymp-
totically flat solutions is, therefore, three-dimensional for
ℓ > 1, and four-dimensional for ℓ = 1. For ℓ = 1 the
asymptotic expansion is found to be
v(r) =
(
c0 +
c1
r
)[
e−+O
(
log r
r2
)]
+
c2
r2
[
e0 +O
(
1
r2
)]
+
c3
r3
[(
1 + (1− γ)2M
r
)
e+ +O
(
1
r2
)]
. (92)
The constant c2 is proportional to the total angu-
lar momentum δJ , while c0 and c1 are proportional
to the asymptotic value of the electric YM potential
δΦ∞ and the electric YM charge δQe, respectively: Us-
ing the above expansion in the expressions (F1) for the
linearized local Komar integrals, we find [with ∗˜FB =
σ−1(B′0 + w
′H0/R
2) etc.],
δQe(r →∞) ∼ em · τ c1, δJ(r →∞) ∼ δm 0 c2.
Furthermore, the above expansion, together with the def-
inition (53) and δΦ = δA(∂t), shows that δΦ∞ is propor-
tional to c0. It is worthwhile recalling that, in contrast
to the Abelian case, c0 cannot be “gauged away”. This
is also obvious form the fact that the expression for δF
involves an asymptotically vanishing term proportional
to c0/r, unless for w = 1.
3. The solution space at the horizon
Using the background expansions (C3) at the horizon,
the solutions to Eq. (88) behave like (r−rH)α, where the
eigenvalues are α = 0 and α = 1, and the multiplicity is
three in both cases. For α = 0 the three eigenvectors may
pick up logarithmic terms in next-to-leading order, which
destroy the regularity of the horizon. A careful analysis
shows that the number of eigenvectors with logarithmic
terms in next-to-leading order is equal to the rank of the
symmetric matrix
S1 =


λ+ 4G
(w2
H
−1)2
r2
H
sym. sym.
√
4Gζ
1−w2
H
rH
λ+ 2(1 + w2H) sym.√
4GwH
w2
H
−1
rH
−2ζwH λ+ 1 + w2H

 ,
which is proportional to the leading order term of L+P
in r − rH . The determinant of S1 is given by
detS1 = λ
[
λ2 + (3 − w2H)λ+ 2(1− w2H)2 + 8GG2H
]
,
where we recall that wH ≡ w(rH) and GH ≡ wH(w2H −
1)/rH . This shows that the rank of S1 is three for ℓ > 1,
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while one may also verify that the rank is two for ℓ = 1.
Hence, all solutions with α = 0 must be excluded, unless
ℓ = 1, in which case there exists one acceptable eigenvec-
tor. The physical space of solutions at r = rH is, there-
fore, three-dimensional for ℓ > 1 and four-dimensional for
ℓ = 1.
4. Soliton excitations
Since the BK background is continuous, and since the
perturbation equations are linear with continuous coeffi-
cients for 0 < r < ∞, the local solutions (91) and (92)
admit extensions to the semi-open intervals [0,∞) and
(0,∞], respectively. Since, for ℓ = 1, these solution sub-
spaces are three- and four-dimensional, respectively, and
since the total space of solutions is six-dimensional, we
conclude that the intersection space is generically one-
dimensional. Hence, there exists (at least) one global
solution, describing the rotating charged solitons found
in [11].
For ℓ > 1. the intersection space is generically trivial,
since the solution spaces are three-dimensional at both
the origin and infinity. Hence, there exist no generic soli-
ton excitations for ℓ > 1. In fact, non-generic solutions
are excluded as well, as we shall prove below.
5. Black hole excitations
Applying the same argument as in the soliton case,
we conclude that Eq. (88) admits a two-dimensional in-
tersection space of global solutions for ℓ = 1, since the
local solution spaces at the horizon and at infinity are
four-dimensional. The solutions give rise to the black
hole excitations found in [11], which are parametrized by
their total angular momentum δJ an their electric YM
charge δQe.
For ℓ > 1 there exist again no generic solutions, since
the solution spaces at the horizon and at infinity are
three-dimensional only. It therefore remains to exclude
non-generic solutions, which we shall do next.
6. Absence of non-generic solutions for ℓ > 1
Our aim is to show that Eq. (88) with the bound-
ary conditions discussed above admits neither soliton nor
black hole solutions for ℓ > 1. We do so by casting Eq.
(88) into the form required to apply the argument out-
lined in Appendix B. This is achieved by performing the
linear transformation v = Tu, which yields
(−∂A∂ + S)u = 0, (93)
where A is symmetric and positive, while S is symmetric
and positive semidefinite. The linear transformation T
is given by T = T 1 ◦ T 2, where
T 1 = diag(r, 1, 1), T 2 = 11−
√
4G

 0 0 01/ζ 0 0
w 0 0


[Note that the components of u = T−1v coincide with the
amplitudes introduced in Eq. (47):
√
4Gu1 = H0/r
2,
ζu2 = A0 + H0/r
2, u3 = B0 + wH0/r
2.] The Sturm-
Liouville equation (88) now assumes the desired form
(93), with the symmetric matrices A = r2T T ◦ T ,
S = T T2 ◦ S˜ ◦ T 2 , where
S˜ =
1
σ

 λr2+4G(w2−1)2 sym. sym.√4Gζ(1 − w2) λ+2(1+w2) sym.√
4Gw(w2 − 1) −2ζw λ+1+w2

 .
It is not hard to see that the matrix S˜ is positive for
all values of ℓ > 1 and positive semidefinite for ℓ = 1.
Furthermore, by virtue of the expansions given above for
ℓ > 1, the boundary term u ·A∂u vanishes at the origin,
at the horizon, and at infinity. Both soliton and black
hole solutions are, therefore, excluded as a consequence
of the argument given in Appendix B.
We emphasize that the boundary terms at the origin
and at the horizon do give non-vanishing contributions
if ℓ = 1. The positive operator in Eq. (93) is, therefore,
self-adjoint only for ℓ > 1.
7. Conclusion
We have proven the following local uniqueness theo-
rems for odd-parity perturbations in the electric sector:
The only stationary, asymptotically flat black hole solu-
tions which are infinitesimally close to the static, spheri-
cally symmetric EYM black holes are the rotating and/or
electrically charged excitations in the ℓ = 1 sector. The
only soliton solutions which are infinitesimally close to
the BK solitons are the electrically charged excitations
in the ℓ = 1 sector.
These results are in agreement with the non-Abelian
staticity theorem [22], which asserts that spacetime is
static and purely magnetic if the combination ΩHJ −
Tr {Φ∞Qe} vanishes, where ΩH is the angular velocity
of the horizon: For l = 1, non-static solitons and black
holes can exist, while, for ℓ > 1, there is no contribution
to J andQe [see the general formulae (F1)], implying that
the non-static and electric contributions H0, A0 and B0
must vanish.
B. The magnetic sector
For stationary perturbations one has d†A = −σ−1A′1,
where here and in the following a prime denotes differ-
entiation with respect to the radial coordinate ρ, defined
in Eq. (86). Since the background is static, one also
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has 〈A , dw〉 = −σ−1w′A1. Hence, the gravitational con-
straint (40) and the YM constraints (45), (46), as well as
Eq. (44) involve only the one-components of A, B and
H . It is, therefore, possible to express the YM amplitudes
A1, B1 and C in terms of the gravitational perturbation
H1:
A1 =
(
w2 − 1 + R
2
2G
)
H1
R2
,
B1 =
1
4Gw′
H ′1,
C = − 1
σ
[
w′H1 +
R2
4G
(
H ′1
w′
)′]
. (94)
Using the above expressions and the circumstance that
[d†(R4d(H/R2))]1 vanishes for stationary perturbations
of a static background, the one-component of the gravita-
tional equation (41) yields the following Sturm-Liouville
equation for H1:[
− d
dρ
1
w′2
d
dρ
+
[ℓ(ℓ+1)−2w2]σ−4Gw′2
R2w′2
]
H1 = 0, (95)
where we recall that w′ = dw/dρ = NSdw/dr.
The above equation holds for ℓ > 1 only. For ℓ = 1 the
perturbations are governed by Eqs. (56). Since the one-
components of the first terms in these equations vanish
for stationary perturbations, we obtain a¯1 = b¯1 = 0, pro-
vided that w2−1 does not vanish everywhere. Now using
the fact that there exists a gauge for which hρ vanishes
if ℓ = 1, we conclude that magnetic excitations cannot
exist for ℓ = 1. (The case w2 = 1, ℓ = 1 has already been
discussed in Sect. VIB.)
Equation (95) has regular singular points at the origin,
R = 0, at the horizon, N = 〈dR , dR〉 = 0, at infinity,
R = ∞, and at all points where w′ vanishes. (For the
one-node background solutions this is only the case at
the origin and at infinity.) In order to conclude that
Eq. (95) generically admits neither acceptable soliton
nor black hole excitations, it is sufficient to discuss the
regular singular points at the boundaries in leading order.
1. Soliton excitations
Using the expansions (C1) for the BK background at
the origin shows that the fundamental solutions to Eq.
(95) behave like rℓ+2 and r1−ℓ. Since ℓ > 1, the subspace
of solutions giving rise to finite metric perturbations is,
therefore, one-dimensional at the origin. In the asymp-
totic region one uses the expansions (C2) to conclude that
the fundamental solutions behave like r−ℓ−2 and rℓ−1,
implying that the subspace of bounded solutions is again
one-dimensional. Generic soliton excitations are, there-
fore, excluded. [The subspace of bounded solutions at
the inner points w′ = 0 turn out to be two-dimensional.
It is, however, generically not possible to match the so-
lutions from r = 0 and r =∞ at the points w′ = 0 such
that the amplitude C is continuous.]
2. Black hole excitations
Using the horizon expansions (C3) shows that the fun-
damental solutions to Eq. (95) behave like (r− rH)0 and
(r − rH)2. The first solution is physically unacceptable,
since the invariant quantity 〈H , H〉 = H21/σ diverges for
r → rH . Hence, the physical subspaces at the horizon
and at infinity are one-dimensional, implying that black
hole excitations do not exist in the generic case.
So far, we were not able to exclude non-generic solu-
tions by rigorous means: The first problem is that the
potential in Eq. (95) is not manifestly positive (although
numerical investigation suggest that this is the case).
Furthermore, the boundary term arising in the integral
argument given in Appendix B does not vanish at points
where w′ = 0. It is, however, clear that the potential is
positive if ℓ is big enough. In this case the integral argu-
ment applies, at least for excitations of the background
solutions with one node.
3. Conclusion
Since H1 parametrizes the non-circular part of the
metric, we have shown that there exists no non-circular
deformations in the odd-parity sector. This completes
the classification of the stationary odd-parity excitations
of the BK solitons and the corresponding non-Abelian
black holes. The only physically admissible non-Abelian
stationary odd-parity excitations of these configurations
are the rotating, electrically charged solitons and the two-
parameter family of black holes found in [11]. All modes
lie in the electric part of the distinguished sector ℓ = 1.
VIII. DYNAMICAL PERTURBATIONS
Stationary perturbations need to be analyzed in or-
der to find equilibrium solutions which are infinitesimally
neighbored to known static configurations, or to establish
local uniqueness results. The linear stability properties
of static background solutions are, however, described
by non-stationary perturbations. In order to study their
dynamical behavior by means of spectral theory, it is
necessary to cast the perturbation equations into a sys-
tem of pulsation equations, that is, into a wave equation
whose spatial part is (formally) self-adjoint. Using the
static EYM soliton or black hole background, our task
is, therefore, to write the perturbation equations (58) -
(61) in the form [
∂2
∂t2
+A
]
u = 0, (96)
where A is a self-adjoint operator, containing spatial
derivatives up to second order. For perturbations of the
Schwarzschild and RN black holes this was achieved in
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Eqs. (69), (71), (80) and (81). For perturbations of non-
Abelian background configurations, however, one needs
to proceed differently:
For ℓ = 0 (i.e., for radial perturbations), the above task
was achieved in [15], where it was shown that the static,
spherically symmetric BK solitons and EYM black holes
have exactly n unstable radial modes in the odd-parity
sector, n being the number of nodes of w.
For ℓ = 1, we will show below that the metric pertur-
bations decouple, and that the perturbation equations
can be cast into a wave equation for the remaining YM
perturbations, where the operator A is symmetric and
positive. This will establish the absence of unstable odd-
parity modes in the sector ℓ = 1.
For ℓ > 1, we were not able to derive symmetric equa-
tions in terms of the gauge-invariant amplitudes H , A, B
and C. However, a system of hyperbolic equations can
be obtained as follows: By virtue of Eqs. (40), (44) and
(45) one can express the time derivatives of the electric
componentsH0, A0 and B0 in terms of the magnetic com-
ponents H1, A1, B1 and C and their first spacial deriva-
tives. Equations (41), (42), (43) and (46) then yield a
hyperbolic system of the form[
∂2
∂t2
− ∂
2
∂ρ2
+K
∂
∂ρ
+ V
]
u = 0,
where u comprises the magnetic components, u =
(H1, A1, B1, C), and where the radial coordinate ρ is de-
fined as in (86). Unfortunately, neither the first order
derivatives nor the potential V are formally self-adjoint.
In [14] we have argued that the gauge-invariant am-
plitudes used in the present paper are not suited to de-
scribe dynamical perturbations, an exception being vac-
uum gravity or self-gravitating Abelian fields. In order
to obtain a symmetric wave equation one needs to in-
troduce amplitudes which are adapted to the staticity
rather than the spherically symmetry of the background.
In terms of these new, curvature-based amplitudes, the
odd-parity pulsation equations can be cast into the de-
sired form (96), as we have shown in [14].
In the remainder of this section we present the dis-
tinguished cases ℓ = 0 and ℓ = 1. In these situations
the perturbation equations can be written in the desired
form, since gravity can be decoupled for ℓ = 1, while
for ℓ = 0 only YM perturbations are present in the odd-
parity sector.
A. The pulsation equation for ℓ = 0
For spherically symmetric perturbations the pulsation
equation is obtained from Eq. (57),
d†
(
R2da
)
+ 2w2a = 0,
for the gauge-invariant YM amplitude a = α − d(ν/w);
see Eq. (E8). This equation is not regular at points where
w vanishes. (The case where w vanishes identically was
discussed in Sect. VC. Introducing the regular one-form
w2a = w2α + νdw − wdν, and defining the potential Φ
by the equation w2a = ∗˜d(wΦ), we find
−∆˜Φ +
[
2〈dw
w
,
dw
w
〉+ 1
R2
(w2 + 1)
]
Φ = 0,
where we have also used the background YM equation
(21). For a static background we may assume a time
dependence of the form exp(iωt), which yields[
− ∂
2
∂ρ2
+ 2
w′2
w2
+
σ
R2
(w2 + 1)
]
Φ = ω2Φ, (97)
where a prime denotes the differentiation with respect to
ρ, and now Φ ≡ Φ(ρ). In order to overcome the difficulty
that the potential is singular at points where w vanishes,
one may perform the following super-symmetric transfor-
mation: First, the operator on the LHS can be factorized
and written as Q†Q, with Q and Q† according to
Q =
1
w
∂
∂ρ
w + u, Q† = −w ∂
∂ρ
1
w
+ u,
where u is subject to the differential equation
− w2
( u
w2
)′
+ u2 =
2σw2
R2
. (98)
One may then write Eq. (97), Q†QΦ = ω2Φ, in terms of
Ψ ≡ QΦ, which yields QQ†Ψ = ω2Ψ. Since ω2Φ = Q†Ψ,
there is a one-to-one correspondence between Φ and Ψ,
provided that ω 6= 0. Furthermore, Ψ is normalizable
if Φ is normalizable, and vice-versa, since 〈Ψ , Ψ〉 =
〈QΦ , QΦ〉 = 〈Q†QΦ , Φ〉 = ω2〈Φ , Φ〉.
The equivalent problem, QQ†Ψ = ω2Ψ, reads[
− ∂
2
∂ρ2
+
σ
R2
(3w2 − 1) + 2u′
]
Ψ = ω2Ψ, (99)
where now the potential is regular, provided that u is a
regular solution of Eq. (98). Since the function
Ψ0 = w exp
∫ ρ
ρ0
u(ρ˜) dρ˜
satisfies Q†Ψ0 = 0, it is a solution to Eq. (99) for ω = 0.
The key observation in [15] is that there exists a solution
to Eq. (98) such that u/w2 and u′ are regular and Ψ0
is normalizable. Since the factor w causes Ψ0 to have
exactly n nodes (n being the number of nodes of w),
this establishes the fact that the transformed pulsation
equation (99) admits exactly n unstable modes.
It remains to show that each unstable mode of Eq.
(99) can be realized by a regular choice of the original
amplitudes α and ν. In order to see this, we first note
that for ω 6= 0 the inverse transformation becomes
wΦ =
1
ω2
(−wΨ′ + w′Ψ+ wuΨ) ,
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implying that the gauge-invariant combination w2a is
regular. Finally, one adopts the temporal gauge, αt = 0,
with respect to which Eq. (97) yields
∂
∂t
αρ =
2σ
R2
wΦ,
implying that αρ is regular. Using Ψ = QΦ =
w−1(wΦ)′ + uΦ, as well as the t-component of w2a =
∗˜d(wΦ) in the temporal gauge, gives
∂
∂t
ν = Ψ − u
w
wΦ.
This establishes the existence of exactly n unstable
modes of the original perturbation equations, since u/w
can be chosen to be regular, implying that ν is regular.
B. The pulsation equation for ℓ = 1
We now show that for ℓ = 1 the gravitational perturba-
tions can be expressed in terms of the YM perturbations,
which yields a pulsation equation for the YM amplitudes.
The gravitational amplitude h enters the perturbation
equations (56) only via thecoordinate-invariant combi-
nation Fh = d(R
−2h). The crucial observation is that
the second plus 2w times the third minus 2G times the
first equation in (56) yields the conservation law
d†
[
− 1
2G
R4Fh +R
2 (Fa + 2wFb)
]
= 0.
Recalling the definitions Fa = da¯−Fh and Fb = db¯−wFh,
we find after integrating the above equation
Fh = f
(
da¯+ 2w db¯+
c0
R2
∗˜1
)
,
where c0 is a constant, and f denotes the background
quantity f ≡ (R2/2G+1+2w2)−1. Using this expression
for Fh in Eqs. (56) yields the symmetric, inhomogeneous
equation
d†
[
G d
(
a¯
b¯
)]
+ F
(
a¯
b¯
)
= −c0∗˜d
(
f
2wf
)
(100)
for the gauge- and coordinate-invariant YM amplitudes
a¯ and b¯. The 2× 2 matrices G and F are symmetric and
given in terms of the background quantities by
G =
fR2
2
(
4w2 +R2/G −4w
−4w 4 + 2R2/G
)
,
F = 2
(
1 + w2 −2w
−2w 1 + w2
)
,
where F is positive definite for w2 6= 1. (The case w ≡ 1
was already discussed in Sect. VIB.)
The one-forms a¯ and b¯ may be expanded with respect
to Schwarzschild coordinates t and ρ,
(
a¯
b¯
)
= E dt+ B dρ,
where E and B represent the gauge-invariant electric and
magnetic YM fields, respectively. Using this in Eq. (100)
gives, for a static background,
− ∂
∂ρ
[
1
σ
G
(
E′ − B˙
)]
+ FE = c0
∂
∂ρ
(
f
2wf
)
,
− ∂
∂t
[
1
σ
G
(
E′ − B˙
)]
+ FB = 0,
where the dot and the prime denote differentiations with
respect to t and ρ, respectively. In particular, for sta-
tionary perturbations, E˙ = B˙ = 0, we recover the facts
that the electric and the magnetic perturbations decou-
ple, and that B vanishes.
For dynamical perturbations a homogeneous pulsation
equation of the desired form is obtained as follows: Dif-
ferentiating the first equation with respect to t and the
second one with respect to ρ yields the relation
F E˙ = (FB)′,
where we have also taken advantage of the fact that the
background is static. Using this to eliminate E˙ from
the second equation, we obtain the following two-channel
wave equation with formally self-adjoint spatial part:
[ ∂2
∂t2
−Q ∂
∂ρ
Q−2
∂
∂ρ
Q+
σ
R2
(
w2 + 2 −3w
−3w 2w2 + 1
)
+
4G
R4
σ(1 − w2)2
(
1 0
0 0
)]
QB = 0, (101)
where Q satisfies F = 2Q2,
Q =
(
1 −w
−w 1
)
.
Since the operator is symmetric and positive, we con-
clude that the spherically symmetric EYM solitons and
black holes have no unstable odd-parity excitations in the
sector ℓ = 1.
APPENDIX A: LINEARIZED RICCI AND
EINSTEIN TENSORS
In this Appendix we give the expressions for the lin-
earized Christoffel symbols and the Ricci and Einstein
tensors. As we have argued in Sect. II C, it is sufficient to
compute the perturbations in the ODG. The Christoffel
symbols for an arbitrary (not necessarily static) spheri-
cally symmetric spacetime are
ΓAbc = 0, Γ
a
Bc = 0,
ΓABC = Γˆ
A
BC , Γ
a
bc = Γ˜
a
bc,
ΓABc = δ
A
BR
−1∇˜cR, ΓaBC = −gˆBCR ∇˜aR,
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where ∇˜ denotes the covariant derivative operator with
respect to the two-dimensional metric g˜ defined in Eq.
(1). In the ODG the metric perturbations (3) and their
inverse become
δgab = δg
ab = δgAB = δg
AB = 0 ,
δgAb = hbSA , δg
Ab = −hbSA ,
where all indices are raised with the background metric,
i.e., hb ≡ g˜abha and SA ≡ gABSB ≡ R−2gˆABSB. Us-
ing this, and the background metric (1), the perturbed
Christoffel symbols, δΓµαβ =
1
2g
µν(δgαν;β + δgβν;α −
δgαβ;ν), become in the ODG
δΓabc = 0, δΓ
A
BC = S
AgˆBC Rh
a∇˜aR,
δΓaBC = h
a∇ˆ{BSC}, δΓAbc = SA∇˜{bhc},
and
δΓaBc = SB g˜
ad
(
∇˜[chd] − hdR−1∇˜cR
)
,
δΓABc = hcR
−2gˆAD∇ˆ[BSD],
where ∇˜[bha] ≡ 12 (∇˜bha−∇˜ahb) and ∇˜{bha} ≡ 12 (∇˜bha+
∇˜ahb). It is now a straightforward task to compute
the perturbed Ricci tensor in the ODG. Using δRαβ =
δΓµαβ;µ − δΓµαµ;β , one finds
δRab = 0 , δRAB = ∇˜aha∇ˆ{ASB} , (A1)
and
δRAb =
SA
R2
∇˜a
[
R4∇˜[b
(
ha]R
−2
)]
+
hb
R2
gˆBC ∇ˆC∇ˆ[ASB]
− SA
R2
(
R∆˜R+ 〈dR , dR〉
)
hb. (A2)
In order to simplify the expression for δRAb we take ad-
vantage of the background equations (2) to write R∆˜R+
〈dR , dR〉 = 1 − 12 gˆABRAB. Also using the transversal-
ity of the spherical vector harmonics, gˆAB∇ˆASB = 0, we
find
2gˆBC∇ˆC∇ˆ[ASB] = −
(
∆ˆS
)
A
= ℓ(ℓ+ 1)SA,
which we apply in the second term of Eq. (A2). Fi-
nally using the fact that δGAb = δRAb − 12SAhbgµνRµν
in the ODG, we obtain (with the identity R2g˜abRab =
gˆABGAB = R
2GBB) the result
δGAb =
SA
R2
{
∇˜a
[
R4∇˜[b
(
ha]R
−2
)]
+
hb
2
(
λ+R2GBB
)}
,
(A3)
which holds in the ODG. The expression for δGAB follows
from the fact that in the ODG δGAB = δRAB,
δGAB = ∇ˆ{ASB}∇˜bhb. (A4)
Eventually, δGab = δRab − 12R−2g˜abgˆABδRAB in the
ODG, which vanishes by virtue of Eqs. (A1) and the
transversality of the spherical vector harmonics.
δGab = 0 . (A5)
The ODG expressions (A3)-(A5) together with Eqs. (8)
and (9) evaluated in the ODG yield the desired formulae
(11).
APPENDIX B: STATIONARY SOLUTIONS OF
RW-TYPE EQUATIONS
We discuss the conditions under which the stationary
RW type differential equation,[
−∂rN(r)∂r + 1
r2
V (r)
]
Ψ = 0, (B1)
admits only the trivial solution. The potential V (r) and
the function N(r) are assumed to be non-negative for
rH < r < ∞, and to have analytical expansions of the
form
N(r) = N1(r−rH)+O(r−rH)2, V (r) = VH+O(r−rH)
in the vicinity of the horizon rH , and
N(r) = 1 +O(r−1), V (r) = ℓ(ℓ + 1) +O(r−1)
as r → ∞, where ℓ > 0, N1 6= 0, V 6= 0. [In particular,
the RW equation (17) meets the above conditions, and
so does the Zerilli equation, describing vacuum perturba-
tions with even parity.] Under the above conditions the
differential equation (B1) has regular singular points [21]
at r = rH and r =∞, implying that Ψ behaves like
Ψ =
{
P1(r − rH)
log(r − rH)Q1(r − rH) for r → rH ,
and
Ψ =
{
r−ℓ−1 P2(r
−1)
rℓQ2(r
−1)
for r →∞.
Here, the P1,2(x) and Q1,2(x) are locally convergent
power series with P1,2(0) 6= 0 and Q1,2(0) 6= 0.
For non-negative N(r) and V (r) the standard integral
argument,
0 ≤
∫ r2
r1
(
N(∂rΨ)
2 +
1
r2
VΨ2
)
dr
=
∫ r2
r1
(
−∂rN∂rΨ+ 1
r2
VΨ
)
Ψdr + [NΨ∂rΨ]
r2
r1
,
implies that Eq. (B1) has only the trivial solution Ψ = 0,
provided that the boundary term vanishes in the limit
r1 → rH and r2 → ∞. In particular, this is the case if
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the asymptotic flatness and regularity conditions imply
that the solutions with Q1 and Q2 must be excluded.
As an example, stationary solutions of the RW equa-
tion (17) with ℓ ≥ 2 can be excluded as follows: The vari-
ation of the curvature components δRinvABcddx
c ∧ dxd =
2R2d(H/R2)∇ˆ[BSA] must be bounded, implying that
Ψ/R must remain bounded as well. Hence, the solution
with Q1 is not admissible, and neither is the one with
Q2, unless ℓ = 1.
APPENDIX C: EINSTEIN-YANG-MILLS
BACKGROUND SOLUTIONS
In this Appendix we recall the behavior of the static,
spherically symmetric soliton and black hole solutions to
the EYM equations (24)-(26) at the singular points (see,
e.g., [23]): In the vicinity of the origin one has (with
G = 1)
N(r) = 1− 4 b2r2 +O(r4),
S(r) = S0
[
1 + 4 b2r2 +O(r4)
]
, (C1)
w(r) = 1− b r2 +O(r4),
with parameters b = − 12w′′(0) and S0 > 0. In the asymp-
totic regime one finds
N(r) = 1− 2Mr−1 +O(r−2),
S(r) = 1 +O(r−4), (C2)
w(r) = ± [1− γ2Mr−1 +O(r−2)] ,
with parameters M and γ. Finally, in the vicinity of the
horizon the behavior is given by
N(r) =
FH
rH
(r − rH) +O(r − rH)2,
S(r) = SH
[
1 +
G2H
rHF 2H
(r − rH) +O(r − rH)2
]
, (C3)
w(r) = wH +
GH
FH
(r − rH) +O(r − rH)2,
where FH = 1−(w2H−1)2/r2H and GH = wH(w2H−1)/rH .
Here, the free parameters are wH ≡ w(rH ) and SH .
APPENDIX D: SU(2)-VALUED HARMONIC
ONE-FORMS
We construct a basis of su(2)-valued spherical har-
monic one-forms which transform canonically under the
angular momentum operator J , defined by
JXT ≡ LXT ,
where T is a tensor field over the spherically symmetric
(pseudo-)Riemannian manifold (M, g). Here LX denotes
the Lie derivative with respect to an infinitesimal rotation
X on M . [In particular, for infinitesimal rotations in IR3
about the xk-axis, we define Jk ≡ JXk , where (Xk)rs ≡
ǫkrs].
Using the commutator relations
[JX , d] = 0, [JX , ∗ˆ] = 0, [JX , dr] = 0, (D1)
where X is an infinitesimal rotation, and hence a Killing
field for g, it is not difficult to see that
Y dr, dY, −∗ˆdY
form a basis of spherical harmonic one-forms with total
angular momentum ℓ, where Y ≡ Y ℓm are the standard
scalar spherical harmonics. The dual basis, C1 ≡ Y er,
C2 ≡ gˆAB∇ˆBY eA, C3 ≡ ηˆAB∇ˆBY eA is a linear combi-
nation of the standard vector harmonics (see, e.g. [24]).
(Here and in the following, ek denote the standard basis
fields of IR3, er is the radial unit vector, and eA is a basis
of S2 with dual basis θˆA. The antisymmetric tensor ηˆAB
is defined by ∗ˆθˆA = ηˆAB θˆB .) Since the operator d is par-
ity preserving, while the operator ∗ˆ is parity reversing,
C1 and C2 have even parity, while C3 = gˆ
ABSAeB has
odd parity. Here SA ≡ ηˆAB∇ˆBY denote the transverse
spherical vector harmonics, gˆAB∇ˆBSA = 0.
In order to construct su(2)-valued spherical harmon-
ics, we use the isometry ek ↔ τk to identify IR3 with
su(2), where the standard inner product on IR3 corre-
sponds to the normalized inner product Tr ≡ −2trace
on su(2). Vector-valued tensors are identified with su(2)-
valued tensors, and the operator d is defined by the ex-
terior derivative D for vector-valued forms α = αivi:
dα = viDαi = vi(dαi + ωij ∧ αj), where ωij is the Rie-
mannian connection with respect to the standard metric
on IR3. (With respect to the standard basis, vi = ei,
one has ωij = 0, and thus Dα = dα, whereas, with re-
spect to the basis vectors er and eA, one finds ω
A
r = θˆ
A,
ωrA = −gˆAB θˆB , and ωAB = ωˆAB.) The basis of su(2)-
valued spherical harmonics becomes
X1 = Y τr, X2 = gˆ
ABτA∇ˆBY, X3 = ηˆABτA∇ˆBY,
(D2)
that is, Xj ≡ Cj · τ . Since the parity operator does not
act on the inner index, X1 and X2 have odd parity, while
X3 has even parity.
A basis of su(2)-valued spherical harmonic one-forms
is now obtained by the same procedure as above: Us-
ing the commutator relations (D1), with d general-
ized as above, one obtains the nine basis vectors dXk,
∗ˆdXk, Xkdr. The decomposition dα = τiDαi = ∇ˆα −
τr gˆAB θˆ
B ∧ αA of the total exterior derivative of a vector
valued form α tangential to S2 now yields the identities
dX1 = Y dτr + τrdY ,
dX2 = ∇ˆX2 − τrdY , (D3)
dX3 = ∇ˆX3 + τr∗ˆdY .
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Furthermore, one has
− ∗ˆ∇ˆX3 + ∇ˆX2 + ℓ(ℓ+ 1)Y dτr = 0. (D4)
By virtue of these identities one may also use the one-
forms Y dτr, τrdY , ∇ˆX2 instead of dX1, dX2, ∗ˆdX3,
or the one-forms Y ∗ˆdτr, τr∗ˆdY , ∗ˆ∇ˆX2 instead of ∗ˆdX1,
∗ˆdX2, dX3. In fact, the new sets turn out to be more
convenient in order to derive the perturbation equations.
In conclusion, the su(2)-valued spherical harmonic ba-
sis one-forms with odd parity are
X1dr, X2dr, Y dτr, τrdY, ∇ˆX2, (D5)
while the even parity basis one-forms are
X3dr, Y ∗ˆdτr, τr∗ˆdY, ∗ˆ∇ˆX2. (D6)
This is, however, only true for ℓ > 1. For ℓ = 1 and
ℓ = 0 the above fields are not linearly independent. For
ℓ = 1 the dimensions of both the odd and the even
parity sectors are reduced by one, since ∇ˆA∇ˆBY (ℓ=1)
= −gˆABY (ℓ=1) implies ∇ˆX2 = gˆBC∇ˆA∇ˆBY τC θˆA =
−Y τAθˆA = −Y dτr. For ℓ = 0, Y is constant, and hence
X2, X3, and dY vanish. Specially, in the even parity case
only ∗ˆdτr survives, which yields the spherically symmet-
ric magnetic Witten ansatz for the gauge potential.
It is also worthwhile noticing that the odd-parity ex-
pansion (3) of the metric perturbations can be obtained
by “lowering the inner index” and symmetrizing the one-
forms (D6):
X3dr = gˆ
ABSAτBdr → δg = SA(dr ⊗ θˆA + θˆA ⊗ dr),
Y ∗ˆdτr = Y τAηˆAB θˆB → δg = 0,
τr∗ˆdY = τrSAθˆA → δg = SA(dr ⊗ θˆA + θˆA ⊗ dr),
∗ˆ∇ˆX2 = gˆBCτB∇ˆCSAθˆA → δg = ∇ˆ{ASB}θˆA ⊗ θˆB .
In a similar manner the even-parity metric expansion can
be obtained from the (odd-parity) one-forms (D5).
APPENDIX E: INVARIANT YANG-MILLS
PERTURBATIONS
In this Appendix we construct the gauge- and coordi-
nate-invariant amplitudes parameterizing the perturba-
tions of the YM potential δA. Starting with Eqs. (27),
(28) and (29), our aim is to show that the physical per-
turbations for ℓ > 1, ℓ = 1 and ℓ = 0 are given by the
expressions (30), (31) and (33), respectively.
Under YM gauge transformations one has
δA→ δA +Dχ ,
where D is the gauge covariant derivative with respect
to the background connection (18), and χ denotes the
su(2)-valued scalar field parameterizing the gauge free-
dom. For odd parity perturbations χ is given in terms of
two functions on M˜ ,
χ = f1X1 + f2X2,
where X1 and X2 are the odd-parity scalar isospin har-
monics defined in Eq. (D2).
Now using the identities (D3) and (D4) one finds
DX1 = τrdY +wY dτr, DX2 = ∇ˆX2−wτrdY , the ampli-
tudes defined in Eqs. (27) and (28) are found to behave
as follows under gauge transformations:
α→ α+ df1
β → β + df2
µ→ µ+ f1 − f2w
for ℓ ≥ 1, (E1)
and
ν → ν + f1w − f2 for ℓ = 1, (E2)
ν → ν + f1w
σ → σ + f2 for ℓ > 1. (E3)
For ℓ = 1, one can introduce two gauge-invariant one-
forms a and b, say,
a ≡ α− d
(
µ−wν
1−w2
)
b ≡ β + d
(
ν−wµ
1−w2
) for ℓ = 1, (E4)
which are well-defined unless the background configura-
tion is the Schwarzschild black hole, w = 1. The trans-
formation laws (E1) and (E2) imply that there exists a
gauge for which the scalars µ and ν vanish. Moreover, the
above definitions show that in this gauge the one-forms α
and β coincide with the gauge invariant one-forms a and
b. Since the perturbation equations are gauge-invariant,
we may thus parametrize δA(ℓ=1) in terms of the two
gauge-invariant one-forms a and b on M˜ ,
δA(ℓ=1) = X1a+X2b. (E5)
For ℓ > 1, we may proceed in a similar way and in-
troduce two gauge-invariant one-forms and one gauge-
invariant function as follows:
a ≡ α− d (µ+ wσ)
b ≡ β − dσ
c ≡ ν − w (µ+ wσ)
for ℓ > 1. (E6)
It is again obvious from Eqs. (E1) and (E3) that there
exists a gauge for which µ and σ vanish, and that the re-
maining amplitudes α, β and ν coincide with the gauge-
invariant quantities a, b and c in this gauge. Hence, with-
out loss of generality, we may set
δA(ℓ>1) = X1a+X2b + c Y dτr, (E7)
and consider a, b and c as gauge-invariant amplitudes.
For ℓ = 0, δA is parametrized in terms of the one-
form α and the function ν, which transform according
to α → α + df1 and ν → ν + f1w, respectively. The
amplitudes combine into a gauge-invariant one-form
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a ≡ α− d
( ν
w
)
for ℓ = 0, (E8)
where α coincides with a in the gauge for which ν van-
ishes. (This gauge does not exist for the RN background,
since ν is gauge-invariant for w(r) ≡ 0.) In terms of a
one has
δA(ℓ=0) = τr a. (E9)
So far we have parametrized δA in terms of gauge-
invariant amplitudes, or, more precisely, in terms of am-
plitudes which coincide with gauge-invariant amplitudes
in a certain gauge. However, these quantities are not yet
invariant under infinitesimal coordinate transformations
on the background. As the linearized Einstein and YM
equations are invariant under these transformations, they
will involve only coordinate-invariant combinations of the
above amplitudes. In order to find these combinations,
it remains to study the behavior of the gauge-invariant
amplitudes a, b and c under the transformation
δA→ δA + LXA ,
where A is the background connection given in Eq. (18),
and LX denotes the Lie derivative with respect to the
infinitesimal vector field Xµ = −fR−2δµAηˆAB∇ˆBY , de-
fined in Eq. (4). In terms of the coordinate freedom f ,
one finds
LXA = (1− w)
[
f
R2
(
τrdY + ∇ˆX2
)
+X2 d
(
f
R2
)]
.
(The most efficient way to establish this is to write LX =
diX + iXd, and to use iXdΩ = −R−2fdY and iX ∗ˆdτr =
R−2fX2.)
The transformation properties of the one-forms α, β
and the functions µ, ν and σ defined in Eq. (27) are
now immediately obtained. [For ℓ = 1 one has to replace
∇ˆX2 by −Y dτr and to use Eq. (28) instead of Eq. (27).]
For ℓ > 1, the gauge-invariant quantities (E6) transform
as follows under coordinate transformations generated by
X :
a→ a− d
[
f
R2
(
1− w2)]
b→ b+ f
R2
dw
c→ c− f
R2
w
(
1− w2)
for ℓ > 1, (E10)
while the transformation laws for the quantities (E4) be-
come
a→ a− d
(
f
R2
)
b→ b− w d
(
f
R2
) for ℓ = 1. (E11)
(There exist no allowed coordinate transformations in the
odd-parity sector if ℓ = 0.) For ℓ > 1, one may eventually
use the transformation property (5) of the metric pertur-
bation κ, κ → κ + f , to introduce the following gauge
and coordinate-invariant amplitudes:
A ≡ a+ d
[ κ
R2
(
1− w2)] , B ≡ b− κ
R2
dw
C ≡ c+ κ
R2
w
(
1− w2) , H ≡ h−R2d( κ
R2
)
, (E12)
where we have also recalled the definition (10) of the
coordinate-invariant metric perturbation one-form H . In
the ODG (κ = 0) these gauge-and coordinate-invariant
amplitudes coincide with the gauge-invariant amplitudes
a, b, c, and h, which reduce to the original amplitudes α,
β, γ, and h in the ODSG (κ = µ = σ = 0).
For ℓ = 1 the gauge- and coordinate-invariant YM am-
plitudes are obtained by comparing the transformation
laws (E11) with the transformation property (5) of the
metric perturbation h, h→ h+R2d(R−2f). This yields
the invariant quantities a¯ and b¯, defined by
a¯ ≡ a+ h
R2
, b¯ ≡ b+ w h
R2
. (E13)
APPENDIX F: LINEARIZED FLUX INTEGRALS
The Komar expressions for the local electric and mag-
netic charges, the local mass and the local angular mo-
mentum of a stationary spacetime are given by the fol-
lowing flux integrals over a sphere with radius R:
Qe(R) =
1
4π
∫
SR
∗F, Qm(R) = 1
4π
∫
SR
F,
M(R) = − 1
8πG
∫
SR
∗ (dgtµ ∧ dxµ) ,
J(R) =
1
16πG
∫
SR
∗ (dgϕµ ∧ dxµ) .
Using the expressions (30) and (31) for the gravitational
and the YM perturbations, the linearized flux integrals
are found to be
δQm(R) = δM(R) = 0,
δQe(R) ∼ δℓ 1em · τ R2 (∗˜FA + 2∗˜FB) ,
δJ(R) ∼ δℓ 1δm 0R4∗˜FH , (F1)
where e0 = (0, 0, 1), e± = (∓1, i, 0), and FH , FA and
FB are defined in Eq. (52). Here we have also used the
orthogonality of the spherical harmonics Y ℓm and the
expansions er ∼ Y 1mem and Sℓmϕ ∼ gˆ(dY ℓm, dY 10).
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